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Abstract 50 

All-to-all homogeneous networks of inhibitory neurons synchronize completely under the right 51 
conditions; however, many modeling studies have shown that biological levels of heterogeneity 52 
disrupt synchrony. Our fundamental scientific question is “how can neurons maintain partial 53 
synchrony in the presence of heterogeneity and noise?”  A particular subset of strongly inter-54 
connected interneurons, the PV+  fast spiking basket neurons, are strongly implicated in gamma 55 
oscillations and in phase locking of nested gamma oscillations to theta. Their excitability type 56 
apparently varies between brain regions: in CA1 and the dentate gyrus they have type 1 excita-57 
bility, meaning that they can fire arbitrarily slowly, whereas in the striatum and cortex they have 58 
type 2 excitability, meaning that there is a frequency threshold below which they cannot sustain 59 
repetitive firing.  We constrained the models to study the effect of excitability type (more precise-60 
ly bifurcation type) in isolation from all other factors. We use sparsely connected, heterogene-61 
ous, noisy networks with synaptic delays to show that synchronization properties, namely the 62 
resistance to suppression and the strength of theta phase to gamma amplitude coupling, are 63 
strongly dependent on the pairing of excitability type with the type of inhibition. Shunting inhibi-64 
tion performs better for type 1 and hyperpolarizing inhibition for type 2. Gamma oscillations and 65 
their nesting within theta oscillations are thought to subserve cognitive functions like memory 66 
encoding and recall; therefore, it is important to understand the contribution of intrinsic proper-67 
ties to these rhythms. 68 

 69 

Significance Statement 70 

 71 

The collective, synchronized activity of neurons produces brain rhythms. These rhythms are 72 
thought to subserve cognitive functions such as attention and memory encoding and retrieval.  73 
We focus on fast spiking basket cells, a subset of inhibitory interneurons.  These neurons play 74 
an important role in brain rhythms. In some brain regions these neurons can fire arbitrarily slow-75 
ly (type 1 dynamics) whereas in others they cannot fire below a minimum cutoff frequency (type 76 
2 dynamics). We show that excitability type determines whether shunting or hyperpolarizing in-77 
hibition more effectively synchronizes the fast oscillatory activity of networks of these neurons in 78 
the presence of heterogeneity and noise, and more effectively drives modulation of fast activity 79 
by slower oscillations. 80 

 81 
  82 
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Introduction 83 

 84 

Gamma oscillations in cortex can arise from an interplay between excitatory pyramidal cells and 85 

inhibitory interneurons (Tiesinga and Sejnowski, 2009; Dumont and Gutkin, 2019) called pyram-86 

idal interneuronal network gamma (PING).  However, ING (with only inhibitory interneurons par-87 

ticipating in the rhythm) can exist independently of PING. For example, during a selective visual 88 

attention task, phase-locking of spikes in putative fast-spiking (FS) interneurons in primate area 89 

V4 to gamma band oscillations in the local field potential (LFP) was strong both during the pre-90 

stimulus period and during visual stimulation. In contrast, gamma phase-locking of putative py-91 

ramidal cells was strong only during visual stimulation that requires attention (Vinck et al., 92 

2013). Similarly, in rodent areas S1 and V1, gamma phase-locking of putative FS cells is perva-93 

sive, whereas the putative E-cells are only recruited into gamma during periods of locomotion 94 

and arousal (Vinck et al., 2015a, 2015b; Perrenoud et al., 2016).  Moreover, noncortical regions 95 

like the striatum, globus pallidus and substantia nigra pars reticulata are networks of inhibitory 96 

neurons with no pyramidal cells. Striatal FS interneurons have been implicated in gamma 97 

rhythms (Berke, 2009; Sciamanna and Wilson, 2011). Here we focus on ING with interneurons 98 

in the mean-driven, oscillatory regime, rather than the classical state of balanced excitation and 99 

inhibition. The stochastic population oscillator model posits that oscillations arise from the inter-100 

actions between individual neurons in the balanced regime, such that the time between thresh-101 

old crossings is exponentially distributed like the output of a Poisson process.  However, that 102 

fluctuation-driven model is not compatible with the high-frequency firing rates exhibited by fast 103 

spiking interneurons during gamma in vivo (Bragin et al., 1995; Penttonen et al., 1998; Csicsvari 104 

et al., 1999), as noted in a previous review (Bartos et al., 2007). 105 

PV+ FS basket interneurons are implicated in gamma rhythms (Cobb et al., 1995; Bartos et al., 106 

2007; Sohal et al., 2009; Gulyás et al., 2010; Varga et al., 2012), which in the hippocampus are 107 

thought to organize information for memory encoding and retrieval (Colgin et al., 2009; Bieri et 108 

al., 2014; Lasztóczi and Klausberger, 2014). Gamma frequency (30–80 Hz) oscillations are 109 

thought to serve as substrates for working memory, conceptual categorization, and attention 110 

(Engel and Singer, 2001), and are altered in psychiatric disorders, for example schizophrenia, 111 

dementia, and autism (Uhlhaas and Singer, 2006). PV+ FS basket cells play an important role 112 

in theta nested gamma (Wulff et al., 2009). Moreover, nesting of gamma within theta has been 113 

proposed a substrate for episodic memory (Lega et al., 2016) and disruption of theta nested 114 
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gamma has been proposed to explain deficits in spatial memory in temporal lobe epilepsy 115 

(Lopez-Pigozzi et al., 2016; Shuman et al., 2017). 116 

 117 

Fast oscillations based on reciprocal inhibition have been repeatedly characterized as not being 118 

robust to heterogeneities in the network (Wang and Buzsáki, 1996; White et al., 1998; Bartos et 119 

al., 2007; Mann and Paulsen, 2007).  Inhibitory neural networks generally lose synchrony as 120 

heterogeneity is increased in one of two ways, phase dispersion or suppression, depending on 121 

the ratio of the time constant for decay of inhibition to the population frequency (Chow et al., 122 

1998; White et al., 1998). Here, we suggest that in networks with fast GABAA synapses, which 123 

tend to favor the suppression regime over phase dispersion, cycle skipping is a way for a net-124 

work to robustly preserve synchrony of individual spikes with the population by suppressing 125 

spikes that would have occurred too late to be in synchrony with the population. FS interneurons 126 

neurons were initially characterized as consistently having type 1 excitability in hippocampal ar-127 

ea CA1 (Zhang and McBain, 1995; Wang and Buzsáki, 1996; Ferguson et al., 2013) and the 128 

dentate gyrus (Hu et al., 2010).  Neurons with Hodgkin’s type 1 excitability are able to spike ar-129 

bitrarily slowly, whereas those with type 2 excitability have an abrupt onset of repetitive firing 130 

that cannot be maintained below a threshold frequency (Hodgkin, 1948; Izhikevich, 2007).  More 131 

recently, FS neurons have been shown to consistently exhibit type 2 excitability in the medial 132 

entorhinal cortex (Tikidji-Hamburyan et al., 2015), striatum (Sciamanna and Wilson, 2011) and 133 

neocortex (Tateno et al., 2004). We systematically examine how the pairing of each excitability 134 

type with either hyperpolarizing or shunting inhibition affects cycle skipping synchronization in 135 

the presence of heterogeneity and noise, as well as synaptic delays. Simple 2D model neurons 136 

of each type were calibrated to have a very similar F/I curve, input resistance, time constant and 137 

action potential shape  in order to isolate the consequences of excitability type alone on the ro-138 

bustness of synchronization in inhibitory interneuronal networks.  139 

Methods 140 

Single Neuron Models 141 

The activation of the voltage-dependent sodium current was assumed to be fast and set to its 142 

steady-state value with respect to the membrane potential ( ( )m v ). The inactivation variable for 143 

the voltage-dependent Na+ current (h ) was yoked to the variable (n ) for the activation of the 144 
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delayed rectifier K+ current, under the assumption that the slow time scale for these variables 145 

was similar. 146 

43 ( )
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where: 0.906483183915a and 1.10692947808b are the offset and slope for the h n line-148 

ar regression; 2/1 F mC c  is a membrane  capacitance; I  is applied current  in 2/A cm ; 149 

120Nag , 36Kg , and Lg  are conductances in 2/mS cm  for sodium, potassium, and leak 150 

currents with corresponding reversal potentials 50NaE mV , 70KE mV , and LE . ( )m v  151 

and ( )n v  are steady state activations for sodium and potassium channels; and ( )n v  is the 152 

time constant for potassium channel activation in ms: 153 
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Model parameters Lg , LE , 0n , 1/2v ,  , 0 , s , 0v , and  are different for Type-I and Type-II 155 

regimes and are given in Table 1.  These parameters were adjusted for the two excitability types 156 

in order to keep the input resistance ( 22k cm ), time constant ( 2 ms ), F/I curve (Fig. 2A) 157 

and spike shape (Fig. 2B) as similar as possible. The shape of the steady state activation curve 158 

for the delayed rectifier is non-physiological because it does not go to zero( as in (Franci et al., 159 

2013)). This phenomenological compromise was necessary to keep the input resistance of qui-160 

escent model neurons comparable and does not affect the dynamics of interest near the bifurca-161 

tions. 162 

Detailed theoretical dynamical description of bifurcations 163 

The voltage nullcline for excitable neurons is N-shaped with three branches, but in order to em-164 

phasize the bifurcation point where repetitive spiking is born, only the stable left and unstable 165 
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middle branch and their associated fixed points are shown in Fig 1. For type 1 at rest (Fig. 1A1), 166 

in addition to the stable fixed point that determines the resting potential, there is an unstable 167 

fixed (open circle) point on the middle branch, as well as another one on the unstable branch 168 

that is not shown. As the applied current is increased to 21.38 /I A cm  the stable and unsta-169 

ble fixed points shown collide (Fig. 1A2) and form a saddle node (circle half filled). The neuron 170 

is left with no stable resting potential, but a closed curve representing repetitive spiking (a limit 171 

cycle, not shown) coalesces around the rightmost unstable fixed point on the unstable branch 172 

(also not shown) and intersects with the saddle node.  The technical term for the onset of spik-173 

ing is a saddle-node-on-an-invariant-limit -cycle (SNIC) bifurcation (Izhikevich, 2007; Ermentrout 174 

and Terman, 2010). The intersection of the limit cycle with the saddle node gives rise to a trajec-175 

tory with infinite period. As the applied current is increased any further, the trajectory must pass 176 

through a gap between the two nullclines; the rate of passage though this bottleneck is arbitrari-177 

ly slow with increasing proximity to the bifurcation, hence the arbitrarily slow frequencies obtain-178 

able by type 1 neurons shown in Fig. 2A (black dots). The intuitive explanation for slow trajecto-179 

ries is that the rate of change for both v and n is zero on the nullclines, and since the gap is very 180 

close to both nullclines, the rate of change for both variables is very slow. 181 

In contrast, for type 2 excitability the Hopf bifurcation occurs when the lone stable fixed point 182 

corresponding to the rest potential loses stability (Fig. 1B1). When the applied depolarizing cur-183 

rent reaches 22.11 /I A cm , the fixed point (Fig. 1B2, open circle) moves past the trough of 184 

the nullcline onto the unstable branch of the voltage nullcline.  The Hopf bifurcation is subcritical 185 

(Guckenheimer and Holmes, 1997; Izhikevich, 2007; Ermentrout and Terman, 2010) because in 186 

the range of input currents between 21.74, 2.11 /I A cm the model exhibits bistability be-187 

tween stable limit cycle corresponding to repetitive spiking and a stable fixed point (Fig. 2A, 188 

overlap in the red cross at 0 frequency and at a nonzero frequency). These attractors are sepa-189 

rated by unstable limit cycle (not shown). The stable and unstable limit cycles collide and annihi-190 

late each other in a saddle node of periodics at 21.74 /I A cm . Excitability type is defined as 191 

the response of a quiescent neuron as the applied current is increased (Hodgkin, 1948); the 192 

sudden onset of spiking as the applied current is increased occurs at about 30 Hz when the qui-193 

escent state loses stability as shown in Fig. 1B.Network 194 

For all simulations we used 300 neurons of the same excitability type, connected by bi-195 

exponential inhibitory synapses. In the network, the input current for each neuron is given by the 196 

following equations: 197 
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where iv  and iI  are membrane potential and input current of thi  neuron; 0,iI  is an applied cur-199 

rent; , (0,1)n iI N is a noise current with  an independent random process with zero mean and 200 

unit variance for each neuron (0,1)N . These processes were sampled every 0.1 ms, and the 201 

current was linearly interpolated between these times to produce consistent results regardless 202 

of the time step. 203 

 Fast, ionotropic inhibition in the central nervous system in generally mediated by GABAA recep-204 

tors, with chloride ions as the charge carrier. The reversal potential of these channels depends 205 

on the intracellular concentration of chloride. In quiescent neurons, if the synaptic reversal po-206 

tential is negative to the resting potential such that a prominent hyperpolarizing synaptic poten-207 

tial can be observed, then the inhibition is hyperpolarizing.  On the other hand, if the reversal 208 

potential is negative to the spike threshold but is close to the resting potential such that the main 209 

effect is a change in conductance and a prominent hyperpolarizing synaptic potential is not ob-210 

served, the inhibition is shunting.  For oscillatory neurons, the membrane potential during the 211 

interspike interval substitutes for the resting potential (Mann and Paulsen, 2007). Shunting inhi-212 

bition is sometimes defined as an increase in synaptic conductance in the absence of an obvi-213 

ous change in membrane potential (Paulus and Rothwell, 2016). In our model neurons, a syn-214 

aptic reversal potential of -75 mV produces hyperpolarization whereas -65 mV does not, so 215 

synaptic reversal potential synE was set to -75 mV for hyperpolarizing and -65mV for shunting 216 

inhibition.The synaptic rise and fall time constants were 1 1ms and 2 3ms , respectively. 217 

The conductance ( ijg ) and conduction delay ( ij ) between the thi  and thj  neurons are given in 218 

units of mS/cm2 and ms respectively; () is Dirac’s delta function; and  is a normalization 219 

constant to keep peak of i ib a for unitary PSG equal to ijg . 220 

 221 
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For both steady-state and sinusoidally modulated network oscillations, 0,iI  were drawn from uni-222 

form distribution with the range 22, 3.8 /A cm  providing a distribution of intrinsic frequencies 223 

with a 20 Hz range (see vertical and horizontal bars Figure 2A). In steady-state oscillations re-224 

gime inhibitory modulatory conductance modg was set to zero. In a contrast, for modulated net-225 

work oscillations modg  was sinusoidally modulated: 
21 cos( )

2
mod

modg g t
P

t , where P  is the 226 

period, and  modg is the amplitude of modulation.  227 

 228 

Connections in the network were sparse and random with probability 0.133p of connection 229 

between any given the thi  and thj  neurons. For all simulations presented here, conduction de-230 

lays were uniformly randomly distributed between 0.7 and 3.5 ms.   231 

 232 

Numerical simulations and bifurcation analysis 233 

The bifurcation analysis was performed in XPPAUTO (Ermentrout, 2002).  The network models 234 

were implemented as Python 2.7 script for the simulation package NEURON (Hines and Carne-235 

vale, 1997). The code/software described in the paper is freely available online at [URL redact-236 

ed for double-blind review] and is available as Extended Data 1.The integration time step was 237 

constant at 0.01 ms. Synaptic activation initially was set to zero for all simulations. In order to 238 

better explore the potential dynamics states of the networks, the instantaneous value of the 239 

membrane potential of each neuron was initialized randomly from a normally distribution with 240 

mean -50mV and standard deviation of 20 mV. The slow n  variable was initialized at the 241 

steady-state value for the membrane potential. The data presented on vector strength, participa-242 

tion, CV of participation and total suppression for networks biased in the oscillatory regime were 243 

averaged over ten trials at each parameter setting for runs of duration 2.5 s with the initial 500 244 

ms ignored to minimize the effects of transients. Each trial had its own random connectivity pat-245 

tern, random initialization of the state variables, random distribution of bias currents, random 246 

delay distribution and random noise sources. For the sinusoidal drive simulations the PAC was 247 

averaged over 20 periods of sinusoidal drive, again averaged over 10 trials as described above, 248 

but no transients were deleted.  The phase of each spike within a cycle used was calculated us-249 

ing the length of that particular cycle. Cycle lengths are variable and were computed using the 250 
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peaks in the population rate as described in Tikidji-Hamburyan et al. (Tikidji-Hamburyan et al., 251 

2015). The phase was used to construct the vectors for the vector strength calculation. 252 

In some figures we applied an additional source of variability.  We applied a multiplicative scale 253 

factor ( iF ) to the rates of change of both variables. Since the Gaussian noise term simulates 254 

Brownian motion in the membrane potential, in which distance is proportional to the square root 255 

of time, the noise term is then divided by the square root of the scale factor. Taken together, 256 

these manipulations simply scale the intrinsic frequency since all intrinsic (but not synaptic) pro-257 

cesses are sped up or slowed down equally. 258 

Measure of phase amplitude coupling 259 

Since we apply the theta drive, there is no uncertainty with respect to the phase of the theta os-260 

cillation, in contrast to the uncertainty in experimental data such as local field potentials or the 261 

EEG. This simplified our analysis. Moreover, since we apply the exact same amplitude of theta 262 

modulation to different networks, we were interested not only in the tightness of the coupling of 263 

the theta drive and the evoked nested gamma oscillation, but also in the magnitude of the 264 

gamma oscillations. Therefore in order to quantify the coupling between theta phase and gam-265 

ma amplitude, we choose the mean vector length (MVL) (Canolty et al., 2006; Hülsemann et al., 266 

2019), but without normalization of the amplitude. The vectors consisted of the known theta 267 

phase with the magnitude given by the amplitude of the gamma envelope determined using the 268 

Hilbert transform of the simulated LFP. The simulated LFP was the synaptic inhibitory current 269 

summed over the network. The sum of these vectors produces a vector strength that is not 270 

bounded between 0 and 1, but which does accurately reflect the amplitude of the nested gam-271 

ma oscillations evoked by a constant sinusoidal stimulus at theta frequency, and the preferred 272 

theta phase. The normalized vector strength shows only how strongly the gamma envelope is 273 

locked to the preferred theta phase. The unnormalized version takes into account the actual 274 

amplitude of the gamma envelope.  275 

 276 
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Results 277 

Phenomenological model of type 1 and type 2 excitability 278 

Electrophysiologists frequently characterize neurons using the steady state current/voltage (IV) 279 

curve and the frequency current (F/I) curve. These measures are useful to quantify the excitabil-280 

ity of a cell. However, the phase-plane portrait technique (Edelstein-Keshet, 2005; Strogatz, 281 

2015) gives a more precise description of the basis for excitability type, which we link here to 282 

the underlying bifurcation structure (but see Limitations section in the Discussion). In a two di-283 

mensional system, the rate of change of each variable defines a vector at each point in the 284 

plane, called a vector field; a knowledge of the vector field allows the prediction of the trajectory 285 

in the plane. We used a two dimensional reduction (Rinzel, 1985) of the Hodgkin-Huxley model 286 

(Hodgkin and Huxley, 1952), because this 2D system with one fast variable (membrane poten-287 

tial, v ) and one slow variable (n ) is amenable to phase plane analysis under fast/slow assump-288 

tions (Bertram and Rubin, 2017). Fast/slow assumptions means that there is time scale separa-289 

tion and the fast variable, membrane potential, changes much more rapidly than the slow varia-290 

ble, with clear implications for movement in the phase plane. 291 

A steady state IV curve that intersects the zero current axis in a single point is often associated 292 

with type 2 excitability, whereas one with multiple intersections is often associated with type 1; 293 

the same is true for the intersections of the nullclines in the phase-plane portrait (Rinzel and 294 

Ermentrout, 1998). However, as stated in the Generality and Limitations section, there are ex-295 

ceptions.  Figure 1 shows a phase-plane analysis of type 1 (Fig. 1A) and type 2 (Fig 1B) excita-296 

bility. In the phase plane, fixed points occur at the intersection of the n-nullcline (gray curve), 297 

which is simply the steady state activation curve for the n  activation variable, and the voltage 298 

nullcline at rest (red curve), which is the set of values of n  and v  for which the net ionic current 299 

plus any applied current is zero. For this fast/slow system the leftmost branch is stable, and the 300 

middle branch is unstable due to the regenerative, autocatalytic sodium current. At rest (with no 301 

applied current), the fixed point (filled circle) on the left branch is stable and determines the rest-302 

ing potential at -68 mV for both the type 1 (Fig. 1A1) and type 2 (Fig. 1B1) cases. An important 303 

difference is that for type 2, there is a single fixed point at all values of applied current, whereas 304 

for type 1 the number of fixed points depends upon the level of the applied current.  305 

Steady State Synchrony in Oscillatory Networks 306 
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We constructed networks of 300 sparsely and randomly connected neurons with heterogeneity 307 

in frequency by distributing the bias current uniformly along a region of the F/I curve that 308 

spanned a 20 Hz range (see black bars in Fig. 2A). The conduction delays between neurons 309 

were also uniformly distributed between 0.7 and 3.5 ms. In a homogeneous network with strong 310 

but fast inhibitory synapses, delays on the short end of this range favor a solution with two sub-311 

clusters in antiphase, whereas delays at the longer end of the range favor global synchrony of a 312 

single cluster (Tikidji-Hamburyan et al., 2019). Using a mixture of delays results in solutions that 313 

are not obviously one or two clusters, but are transitional between these two extremes.   314 

Steady State Synchrony in Oscillatory Networks- Hyperpolarizing Inhibition 315 

Figure 3A and B top left show representative traces from network simulations with hyperpolariz-316 

ing inhibition showing how individual neurons of both types in noisy, sparsely connected and 317 

heterogeneous networks skip random cycles. However, neurons in both populations remain 318 

synchronized with the population oscillation when they do fire, which is evident from raster plots 319 

Fig. 3A and B bottom-left. The cycle skipping is evident in the histograms of interspike intervals 320 

(ISI) (Fig. 3A and B bottom right) across all neurons. There are peaks at the network period and 321 

at integer multiples of the cycle period, corresponding to how many cycles were skipped during 322 

that interval.  Neurons in the raster plots are sorted by bias current with the fastest firing cells at 323 

the top. This example shows that the slower firing neurons at the bottom of the raster plots have 324 

a much greater likelihood of being completely or partially suppressed for type 1 networks com-325 

pared to type 2 networks. The histogram of the average number of network cycles each individ-326 

ual neuron participated (top right, Fig. 3A and B) in is much flatter for type 1 than type 2, be-327 

cause the type 2 histogram is skewed to higher participation rates.  328 

This tendency for greater suppression of type 1 neurons with hyperpolarizing inhibition was pre-329 

served across a large range of the 2D parameter space of synaptic conductance strength and 330 

standard deviation of the additive Gaussian current noise, as shown by the heatmaps in Figs. 3 331 
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C and D. The diamond in the heatmap indicates the parameters used to generate the raster in 332 

panels A and B. The leftmost heatmap gives the vector strength measure of population syn-333 

chrony. For both Type 1 (Fig 3C1) and Type 2 (Fig 3D1), a minimum amount of conductance is 334 

required for synchrony (blue strip at the left is unsynchronized). Both networks perform fairly 335 

well for synchrony of spikes with the population rhythm over this range, although Type 2 per-336 

forms a little better at high noise levels and stronger conductance. The vector strength measure 337 

of synchrony is quite high, and exceeds 0.8 almost everywhere. The average spikes per cycle 338 

(excluding neurons that are completely suppressed) decreases with increasing noise, but again 339 

similar for the two types of networks (Fig 3C2 and D2). The major difference is evident in the 340 

heatmaps (Fig. 3C3 and D3) for the coefficient of variation (CV) for participation across the pop-341 

ulation. As expected from the participation histograms shown in panels A and B (top right of 342 

each), the CV is greater for Type 1, reflecting the greater abundance of partially suppressed 343 

neurons. The CV is in the range 0.5- 0.8 for type 1compared to 0.3-0.6 for Type 2. This discrep-344 

ancy would be even greater had we included the factions of completely suppressed neurons 345 

illustrated in the rightmost histograms (Fig. 3C4 and D4), which clearly show a far greater frac-346 

tion of completely suppressed neurons for type 1.  Stronger noise desynchronizes and stronger 347 

inhibition promotes suppression, so outside the regime of interest neither type performs well, 348 

and the difference between type 1 and 2 fades.  349 

The 2D phase plane representation of network activity shown in Figure 4 illustrates the mecha-350 

nism underlying greater suppression of type 1 compared to type 2 neurons in networks with hy-351 

perpolarizing inhibition. The n-nullcline for the slow variable (gray curve) was constant in time 352 

and across the population.  On the other hand, the membrane potential V-nullcline in the ab-353 

sence of inhibition was different for every neuron because of the heterogeneity in applied bias 354 

current. This required averaging the V-nullcline across the population. Moreover, the level of 355 

inhibition is a third state variable per neuron, and the average level of inhibition in the network 356 
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varies in time. Therefore, the 2D phase plane representation of the V-nullcline (black curve) ac-357 

tually constitutes a movie (Movie 1 for type 1 and Movie 2 for type 2). The movies provide the 358 

clearest picture of the dynamics, but snapshots of the time-varying portrait are given for mini-359 

mal, half-amplitude, and maximal inhibition in Fig. 4 A1-3 and B1-3 for type 1 and 2, respective-360 

ly. Each dot represents the current position of a neuron in this phase space, with the neurons 361 

with the highest depolarizing bias current shown in red and those with the least in blue. 362 

 363 

For type 1, at minimum (but nonzero) inhibition, most neurons are in a near threshold regime 364 

(Fig. 4 A1 and B1). The average nullcline portrait is close to the SNIC bifurcation at which the 365 

two indicated fixed points collide and destroy each other. For type 1 networks: a slow channel 366 

(arrow) between the two nullclines arises as the system approaches the SNIC bifurcation (see 367 

Fig. 1A2). By definition, the rate of change of a variable is zero on its nullcline, therefore close to 368 

the nullcline, the rate of change is quite slow. In the channel, the rate of change of both varia-369 

bles is quite slow,and the level of bias current imposes order on the trajectories, with the fastest 370 

cells positioned nearest the firing threshold. As neurons escape from the channel and fire action 371 

potentials, inhibition accumulates as the inhibitory post-synaptic potentials (IPSPs) from the 372 

spiking neurons (shown moving down the left branch of the V-nullcline) summate in Fig. 4A2. 373 

The accumulating inhibition moves the average V-nullcline down and to the left, closing the 374 

channel and creating a stable fixed point that enables a resting potential (as well as an unstable 375 

one) (as in Fig. 1A1) at the intersection with the n-nullcline. The unstable branch of the V-376 

nullcline (arrow indicating firing threshold points to this branch) forms a boundary that separates 377 

neurons into two groups. Neurons whose trajectory has already moved to the right of this 378 

branch will fire an action potential, but those that fall on the left side of this boundary when the 379 

channel closes will skip this network cycle. In general, the neurons that skip are the slower neu-380 

rons; they will move leftward towards the stable fixed point. The two groups are clearly shown in 381 
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Fig. 4A3 at the point of maximal inhibition after all spiking neurons have fired on a given cycle. 382 

The group labeled fired is recovering from the after-hyperpolarizing potential (AHP) along the 383 

stable V-nullcline branch. The group labeled skipped is trapped on their fixed point and did not 384 

participate in the previous cycle. The intersection of the average nullclines is the average fixed 385 

point; the actual fixed point for the slower neurons lies to the left of the average and for the fast-386 

er neurons it lies to the right. The important point is that the neurons tend to line up from left to 387 

right with the faster neurons on the right.. As the maximal inhibition decays, the phase portrait 388 

reverts to Fig. 4A1; the faster on the right neurons have a clear advantage because they are 389 

more likely to escape the slow channel before it closes than the slower neurons. The slower 390 

neurons are much more likely to be suppressed as is evident in the raster plot in Fig. 3A com-391 

pared to 3B and the over greater suppression for type 1 compared to type 2 that is evident in 392 

the two rightmost heatmaps in Fig. 3C.  393 

The phase portrait for minimal inhibition for type 2 in Fig. 4B1 shows that most neurons are in a 394 

near threshold regime as in Fig. 4A1 for type 1. The average nullcline portrait is close to a bifur-395 

cation as in Fig 4A1, because the average fixed point requires only a small amount of additional 396 

excitation to move to the unstable branch of the V-nullcline as shown in Fig 1B.  However, the 397 

vector flow near a subcritical Hopf bifurcation is completely different compared to the flow near a 398 

SNIC: there is no slow channel. Instead, as shown in Fig. 2A, near a subcritical Hopf bifurcation, 399 

a bistable region exists in which quiescence at a stable fixed point (arrow) co-exists with repeti-400 

tive spiking at the same value of net applied current. Whether the neuron is silent or active de-401 

pends on recent history, meaning the current location of the trajectory. Specifically, the red 402 

closed curve in Fig. 4B1 is an unstable limit cycle that divides the neurons into two groups. 403 

Those inside the red curve will spiral into the stable fixed point at its center, whereas those out-404 

side will curve around it to fire an action potential. Thus, the mechanism for cycle skipping has a 405 

component that results from the intrinsic dynamics of the circular flow around a Hopf bifurcation; 406 
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the circular flow in the phase plane results from oscillatory dynamics in the time domain due to 407 

the emergence of complex eigenvalues in the linearized solution evaluated at the fixed point." In 408 

contrast to the SNIC bifurcation in Fig. 4A, there is no bias toward faster cells, all neurons are 409 

almost equally likely to fall outside of the quiescent zone and fire an action potential. Fig. 4B2 410 

shows that as neurons move to the right and fire actions potentials, inhibition accumulates as in 411 

Fig. 4A2 and again moves the V-nullcline downward, shifting the fixed point down and to the left. 412 

The unstable limit cycle opens up into a quasithreshold (not shown) that then merges with the 413 

unstable branch of the V-nullcline, labeled firing threshold. As in Fig. 4A3, Fig. 4B3 clearly 414 

shows two groups of neurons at the point of maximal inhibition, after all spiking neurons have 415 

fired on a given cycle. However, the group labeled skipped is still approaching their fixed points, 416 

and the distribution of these fixed points will be slanted rather than flat due to the sharper angle 417 

of the n-nullcline at the intersection. The sharper slope allows the n-nullcline to avoid the other 418 

branches of the V-nullcline enabling a Hopf bifurcation to underlie type 2 excitability, whereas 419 

multiple intersections are required for the SNIC with type 1 excitability.  420 

Fig. 4 C1 and C2 summarizes the movement of the stable fixed point due to changes in the lev-421 

el of inhibition. For type 1 in Fig. C1, the requirement that the n-nullcline be tangent to the V-422 

nullcline at the SNIC bifurcation imposes a relatively flat slope on the n-nullcline near the inter-423 

section, which causes hyperpolarizing inhibition to move the fixed points horizontally, but not 424 

vertically (green arrows). The horizontal direction is the fast direction of the dynamics, therefore 425 

the trajectories remain on or near the n-nullcline with constant order. The firing threshold splits 426 

the population into spiking neurons on the right and suppressed skipping neurons on the left. 427 

The fixed points of the neurons are ordered with those of the neurons with slower firing frequen-428 

cies (lower bias current) on the left indicating more hyperpolarized fixed points and those corre-429 

sponding to faster firing frequencies on the right, and the movement of the fixed points as inhibi-430 

tion waxes and wanes does not substantially alter their distribution. Therefore, neurons with the 431 
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slower intrinsic firing frequencies have a strong tendency to be suppressed with hyperpolarizing 432 

inhibition. In contrast, Fig. 4C shows the steeper slope of the n-nullcline causes hyperpolarizing 433 

inhibition to move all the fixed points downward as well as leftward (green arrow). The trajecto-434 

ries in Fig. 4B3 for the skipping neurons do not follow the fixed point as Fig. 4A3, because 435 

downward movement is in the slow direction. This downward and leftward trend moves most 436 

trajectories out of the unstable limit cycle when it forms in Fig. 4B1 around the rightmost fixed 437 

point in Fig. 4C2. This allows all neurons access to the fast curved vector fields that push them 438 

to an action potential trajectory, the composition of the neurons that spike on any given cycle is 439 

more evenly distributed throughout the population. This phenomenon has a contribution form 440 

anodal break excitation (Fitzhugh, 1976), also called post-inhibitory rebound (Perkel and Mullo-441 

ney, 1974), and explains why suppression is less prominent in the raster plot in Fig. 3B com-442 

pared to Fig 3A, and the rightmost heatmaps of Fig. 3D compared to 3C. 443 

Steady State Synchrony in Oscillatory Networks- Shunting Inhibition 444 

The results in the previous section were for hyperpolarizing inhibition. For both type 1 and type 445 

2, the bifurcation that gives rise to spiking occurs at about -65 mV. Hyperpolarizing inhibition 446 

with a reversal potential of -75 mV hyperpolarizes the membrane at most points during the in-447 

terspike interval except during the trough of the AHP. Shunting inhibition with a reversal poten-448 

tial of -65 mV does not produce big changes in the membrane potential. Fig. 5 shows the same 449 

simulations as Fig. 3 except for shunting versus hyperpolarizing inhibition. Cycle skipping to 450 

preserve population synchrony is still prominent in both types, as evidenced by the single neu-451 

ron traces in the top left of parts A and B and by the peaks at integer multiples of the network 452 

frequency in the ISI histograms at lower right. The leftmost heatmaps (Fig. 5C1 and D1) confirm 453 

population synchrony is robust for both types, with generally lower participation (Fig. 5C2 and 454 

D2) than for hyperpolarizing inhibition at the same parameter values. In general, neurons that 455 

are not completely suppressed fire on average every other cycle. However, Type 2 networks 456 
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clearly lose their superior resistance to suppression, as evidenced by the rasters in Fig. 5A ver-457 

sus 3B. Moreover, the histogram of participation for individual neurons is much flatter in the top 458 

right of Fig. 5A for type 2 with shunting inhibition compared to top right of Fig 3A for type two 459 

with hyperpolarizing inhibition, and in fact is slightly flatter than the histogram for type 1 with 460 

shunting inhibition in the top right of Fig. 5A. The two rightmost heatmaps once again show that 461 

these results are general, with CVs of participation that are slightly larger for type 2 (Fig. 5D3 vs 462 

C3), as well as more suppressed neurons at lower noise values for type 2 (Fig. 5D4 vs C4). 463 

Figure 6 shows a phase plane analysis of the dynamics in a manner exactly analogous to Fig-464 

ure 4. Movies 3 and 4 correspond to the phase portraits of type 1 and type 2 for shunting inhibi-465 

tion, respectively. For type 1, in Fig. 6A the V-nullcline does not move as much with a shunting 466 

inhibitory synaptic reversal potential of -65 mV as compared to a hyperpolarizing one of -75 mV. 467 

Therefore, the fixed point moves very little (Fig. 6C1), keeping neurons that skipped near the 468 

firing threshold. The distribution of the dots representing neural trajectory are more compressed 469 

along the n-nullcline in Fig. 6A3, which reduces the advantage of the fastest neurons with the 470 

rightmost fixed points in escaping for the channel, hence the decrease in suppression. The V-471 

nullclines and the corresponding fixed also move less with inhibition in Fig. 6B for type 2. In con-472 

trast to Fig. 4B2, the quasithreshold described above (red curve in Fig. 6B2) is now visible as 473 

the “ghost” of the unstable limit cycle at the inhibition midpoint. Moreover, the inset in Fig. 6C2 474 

reveals that the synaptic reversal potential of -65 mV is very close to the stable fixed point inside 475 

the red curve for the unstable limit cycle. A fraction of the population gets trapped inside the un-476 

stable limit cycle and skip a cycle. The slowest neurons tend to remain trapped.  This explains 477 

the greater tendency for suppression in type 2 neurons for shunting versus hyperpolarizing inhi-478 

bition.  479 

 480 

 481 
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Phase Amplitude Coupling 482 

In the hippocampus, gamma power is maximal when nested in theta oscillations (Bragin et al., 483 

1995). In order to determine the relative abilities of networks of neurons with type 1 excitability 484 

versus type 2 excitability to produce theta-nested gamma, we drove these networks with per-485 

fectly sinusoidal inhibitory waveforms at a fixed frequency in the theta range, in the presence of 486 

the constant heterogeneous depolarizing bias currents distributed as described in the Methods. 487 

The depolarization mimics tonic activation of metabotropic glutamatergic/cholinergic receptors. 488 

PV+ basket cells in freely moving rats fire at about 7 Hz during low oscillatory periods, but that 489 

rate triples to 21 Hz during theta oscillations (Lapray et al., 2012), presumably due to greater 490 

tonic excitation. The sinusoidal drive mimics phasic inhibition from the septum.  491 

 492 

Phase Amplitude Coupling- Hyperpolarizing Inhibition  493 

Figure 7 gives examples of sinusoidal modulation at theta frequency of nested gamma oscilla-494 

tion. The time course of the modulation for both types of networks is the same and is given at 495 

the top of the figure. Panels A1,A2, B1 and B1 are have a representative single neuron trace at 496 

the top, a raster plot in the middle and a simulated LFP using the total inhibitory synaptic current 497 

summed across the network at the bottom.  Both the raster lots and the simulated LFP show 498 

more neurons are recruited into the gamma rhythm in type 2 (Fig. 7B) networks compared to 499 

type 1 (Fig. 7A), both for a slower deeper modulation on the left, and a shallower faster modula-500 

tion on the right. The noise and conductance parameters were selected in a regime in which all 501 

four types of networks synchronized well.  The attributes of the network oscillations for the se-502 

lected parameter regime are given in Table 3. In additional sets of simulations (not shown), we 503 

confirmed that the results shown below are qualitatively similar for wide range of synaptic con-504 

ductance and noise levels and are not specific for the chosen values. Figure 7C shows the re-505 
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sults in the two dimensional parameter space of modulation depth and modulation frequency, 506 

with the color in panel C1 and C2 indicating the un-normalized vector strength as described in 507 

the methods. If the vectors were normalized to reflect only how tightly locked the LFP envelope 508 

was to the theta drive, the two types perform equally. Removing the normalization reveals the 509 

greater recruitment of the population into the nested gamma in type 2 networks.  The heatmaps 510 

in Fig. 7C1 and C2 show that low frequencies and shallow modulations are most effective, es-511 

pecially for type 2. The heatmap in Fig. 7D show that Type 2 always outperforms type 1 be-512 

cause the red color is always greater than zero. 513 

Almost no theta modulation is evident in the membrane potential traces of individual neurons 514 

Fig 7A and B. As the network recovers from inhibitory modulation, the firing rate in the popula-515 

tion increases, therefore network inhibition fills in when the external inhibitory drive wanes. This 516 

feedback mechanism is also responsible for keeping neurons near the bifurcation at minimal 517 

inhibition in steady-state oscillations (see Figs. 4A1 and B1 and 6A1 and B1). 518 

In order to explain the superior performance of type 2 for hyperpolarizing inhibition, we can refer 519 

back to the phase plane in Fig. 4A. In order to synchronize, type 1 networks rely on the accumu-520 

lation of inhibition as because a minimum number of neurons must escape through the slow 521 

channel in order to create the stable fixed point that causes some neurons to skip. In contrast, 522 

the intrinsic dynamics of a Hopf bifurcation shown in Fig. 4B create the stable fixed point that 523 

causes some neurons to skip. Moreover, there is no slow channel to delay spiking for type 2 524 

neurons, thus spiking can be recruited more quickly. We hypothesize that the improved recruit-525 

ment of neurons into the gamma oscillation in type 2 networks was because type 1 networks 526 

need more time to establish synchrony. We tested this idea in a network in which all neurons 527 

had the same applied bias current and therefore the same intrinsic frequency (see Figure 8A). 528 

The speed of synchronization is clearer for the homogeneous frequency case because partici-529 

pation is more uniform. A head-to-head comparison over two cycles of sinusoidal reveals that 530 
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indeed synchronization begins earlier in the type 2 homogeneous network compared to the type 531 

1 homogeneous network (see leftmost vertical gray bar), which accounts in part for the larger 532 

vector strength for theta phase gamma amplitude coupling for type 2 with hyperpolarizing inhibi-533 

tion. The second gray bar shows that the synchrony persists longer for type 2 as well.  534 

The superiority of type 2 for hyperpolarizing inhibition derives from the ability to more quickly 535 

recruit the activity of sufficient neurons to establish synchrony at gamma frequencies. The pre-536 

sumption is that the interneurons are in an excited, oscillatory state during theta activity, and are 537 

rhythmically inhibited by the septum.  For modulation that is too shallow, gamma activity is on-538 

going and theta power is weak (bottom blue strips on Fig.7 C1 and C2).  For modulation that is 539 

sufficiently deep to establish theta power, the modulation must be sufficiently slow or shallow 540 

that there are still long enough windows of time above the spiking threshold to recruit enough 541 

active neurons to establish gamma synchrony (red areas in bottom left half of Fig. 7 C1 and 542 

C2). 543 

Phase Amplitude Coupling-Shunting Inhibition  544 

The faster recruitment of type 2 oscillators did not persist for homogeneous networks with 545 

shunting inhibition (Fig. 8B). Instead, type 1 oscillators are recruited more quickly into nested 546 

theta gamma because shunting inhibition clamps neurons closer to the spiking threshold (see 547 

Fig. 6C1 vs. Fig. 4C1).  Type 2 networks clearly lose their superiority, likely because of the ten-548 

dency of type 2 oscillators with shunting inhibition to remain trapped at the fixed point inside the 549 

unstable limit cycle (Figure 6B1 and C2).  550 

Figure 9A and B show examples of Type 1 and 2 networks with shunting inhibition. Just as 551 

switching from hyperpolarizing to shunting inhibition nullified the advantage of type network in 552 

robustness to suppression during steady state synchrony shown in Figures 3 and 5, changing 553 

the inhibition from hyperpolarizing to shunting nullifies the advantage of type 2 for phase ampli-554 
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tude coupling as predicted by Fig. 8.  In fact, Fig. 9D shows that type 1 networks have better 555 

phase amplitude coupling for deep modulations (blue indicates a type 2 - type 1 difference is 556 

less than zero). A minimum amplitude of conductance modulation strength is required to ob-557 

serve superior type 1 PAC; at low modulation amplitudes with small vector strength values (blue 558 

at the bottom of Fig. 9C1 and C2) type 2 performs slightly better.  The tendency of the unstable 559 

limit cycle in Fig. 6B1 to trap trajectories clearly reduces the speed of synchronization of type 2, 560 

and is likely responsible for its poorer performance with shunting inhibition.  561 

Robustness of Both Mechanisms to Different Types of Heterogeneity and Gap Junc-562 

tional Connectivity 563 

In Figs. 3 and 5, the applied current was varied to simulate heterogeneity in excitatory drive, as 564 

is typical (Wang and Buzsáki, 1996; White et al., 1998). However, in addition to having different 565 

levels of excitatory input, different interneurons have different F/I curves. For type 1, the slope of 566 

the F/I curve is variable, and for type 2 neurons the cutoff frequency is also variable. We incor-567 

porated this additional dimension of variability into our simulations using a scale factor for the 568 

model dynamics as described in the Methods. In order to determine the effect of heterogeneity 569 

in this parameter, we scaled the dynamics of both variables for each neuron in order to achieve 570 

uniformly distributed cutoff frequencies in the range from 10 to 60Hz for type 2 neurons, and 571 

used the same range of scale factors for type 1 neurons.  We then redid the heatmaps for each 572 

type with hyperpolarizing (Figure 10A, top two rows) and with shunting inhibition (Figure 10A, 573 

next two rows). Although both types show a reduction in synchronization, the qualitative results 574 

that type 2 networks are more resistant to suppression for hyperpolarizing but not shunting inhi-575 

bition still hold. Figure 10B shows that the PAC tendencies for type 1 versus type 2 are also 576 

preserved under the additional heterogeneity utilized in Figure 10A. 577 
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We ran additional simulations (not shown) to determine the effect of electrical combined with 578 

chemical synapses since electrical coupling between interneurons has been observed in some 579 

brain areas (Fukuda and Kosaka, 2000; Gibson et al., 2005). For sufficiently strong gap junc-580 

tional conductance and sufficiently high connection probability, all interneurons fire together in 581 

one-to-one spike synchrony, which is likely nonphysiological. For intermediate values of con-582 

ductance and connectivity, the results transition between the suppression of subsets interneu-583 

rons on certain cycles (as shown in Figures 3, 5, 7, 9 and 10), and complete synchrony with 584 

very strong gap junctional connectivity. The contributions of chemical and electrical synapses to 585 

interneuronal synchrony are variable between subregions, so the additional synchrony expected 586 

from gap junctions should also vary without qualitatively affecting our conclusions. 587 

 588 

DISCUSSION 589 

Summary of Results  590 

We present two major results. The first is that networks of heterogeneous neural oscillators with 591 

type 2 excitability are more resistant to suppression of the slower oscillators than those with 592 

type 1 excitability when they are coupled with hyperpolarizing inhibition but not with shunting 593 

inhibition. The second result is that theta phase to gamma amplitude coupling is more strongly 594 

recruited in the type 2 networks, again for hyperpolarizing but not shunting inhibition. Moreover, 595 

we provide mechanistic explanations for these phenomena, which frame conditions for the gen-596 

erality of these results. 597 

The tendency of slower type 1 neurons to be more suppressed than type 2 neurons for hyperpo-598 

larizing inhibition relies on two principles. The first is the creation by inhibition of a slow channel 599 

near the SNIC bifurcation for type 1. The channel serves to line the fixed points of the heteroge-600 

neous oscillators up along the slow nullcline and along the direction of motion of the fast sub-601 
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system. This arrangement clearly favors the faster neurons since their fixed points are to the 602 

right and closer to escaping from the slow channel that the slower neurons. This tendency is 603 

greatly reduced for shunting versus hyperpolarizing inhibition.  604 

The second principle is the circular motion about the subcritical Hopf bifurcation for type 2 neu-605 

rons and the existence of a boundary in the phase plane between spiking and skipping neurons 606 

allows for broader participation in steady state network oscillation for hyperpolarizing, but not 607 

shunting, inhibition. The critical assumption is that the stable fixed point just prior to the Hopf 608 

bifurcation lies near the shunt reversal potential, but well above the hyperpolarizing reversal po-609 

tential. This assumption seems reasonable based on the definitions of hyperpolarizing and 610 

shunting inhibition combined with the location of the Hopf bifurcation at the point that positive 611 

feedback from the sodium channel destabilizes the rest potential. Thus hyperpolarizing inhibition 612 

pushes all neurons leftward (in the fast direction) and the circular motion brings them downward 613 

and into the fast vector fields that give neurons a much more equal chance to fire than type 1. 614 

However, shunting inhibition, rather than freeing trajectories from the unstable limit cycle sur-615 

round the stable fixed point just prior to the Hopf bifurcation, traps them within that limit cycle, 616 

favoring suppression. 617 

These principles apply to the transient synchronization in theta-nested gamma as follows. Note 618 

that the steady state synchronization and participation are similar between type 1 and type 2. 619 

However, type 2 neurons are more quickly recruited into nested theta gamma for hyperpolariz-620 

ing inhibition because their intrinsic dynamics do not require accumulation of synaptic inhibition 621 

to split the populations into spiking and skipping groups. Faster recruitment also allows syn-622 

chronization, which requires a minimum number of active neurons, to persist longer.  The phase 623 

plane portrait also accounts for the slower recruitment of type 2 neurons with shunting inhibition 624 

into nested theta gamma and the shorter persistence that accompanies late recruitment. The 625 
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mechanism is again the tendency of shunting inhibition to clamp the type 2 trajectories inside 626 

the unstable limit cycle, which slows recruitment into theta-nested gamma. 627 

 628 

Generality and Limitations 629 

 630 

An important way in which we checked the generality of the results was to introduce a second 631 

type of heterogeneity. We varied the slope of the f/I curve for type 1 neurons and both the cutoff 632 

frequency and slope for the type2 neurons by rescaling the temporal dynamics. The cutoff fre-633 

quency for fast spiking PV+ basket cells (Martínez et al., 2017) had an estimated standard devi-634 

ation of 40%. Thus, the 10-60 Hz range in cutoff frequencies explored should map onto biologi-635 

cally plausible distributions of cutoff frequencies. Qualitatively, our major results were preserved 636 

under these manipulations (Figure 10). 637 

There are limitations to generalizing the results of this study. As stated in the Introduction, we 638 

focused on networks with fast GABAA synapses, which tend to favor the suppression regime 639 

over phase dispersion. The results on suppression of subsets interneurons on certain cycles (as 640 

shown in Figures 3, 5, 7, 9 and 10) ignore the effects of gap junctions. As stated in the results, 641 

modest levels of gap junctions do not qualitatively change the results, but very strong coupling 642 

would results in much less suppression. We examined a specific parametric range of additive 643 

noise and inhibitory conductance strength in which networks of type 1 and type 2 interneurons 644 

perform differently. Stronger noise desynchronizes and stronger inhibition promotes suppres-645 

sion, so outside the parameter regime that we examined, neither type of network synchronizes 646 

very well, and there is little difference between their performance. Moreover, we examined net-647 

works with a specific distribution of synaptic delays. As described in the Methods, the minimum 648 

delay was set to avoid the formation of antiphase clusters, which could complicate the analysis.  649 
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 650 

Another limitation on the generalization of these results is that there are two ways to achieve 651 

Hodgkin’s type 2 excitability. One is the classical Hopf bifurcation described here, and the other 652 

involves a saddle node that is not on an invariant limit cycle  (Izhikevich, 2007; Gerstner et al., 653 

2014). In the latter case, the limit cycle does not originate at the saddle node, but instead coex-654 

ists with the stable fixed point, resulting in a bistable region and type 2 excitability.   The report-655 

ed cases of type 2 excitability in fast spiking interneurons all appear to involve a Hopf bifurcation 656 

(Sciamanna and Wilson, 2011; Tikidji-Hamburyan et al., 2015),  and there are no documented 657 

instances of a SN off limit cycle in interneuronal populations.  Thus we have restricted our study 658 

of type 2 excitability to those resulting from a Hopf bifurcation. If the region of bistability for a 659 

saddle node off limit cycle bifurcation is small, it is not likely to substantially change the dynam-660 

ics; a full characterization of this alternate route to type 2 excitability is beyond the scope of the 661 

current study. 662 

 663 

We also ran simulations (not shown) of mixed networks of type 1 and 2 interneurons, which 664 

tended to behave more like type 1 networks. However, within regions, the excitability type of FS 665 

interneurons seems to be consistent. For example, all FS cells in the striatum (Sciamanna and 666 

Wilson, 2011) and MEC (Martínez et al., 2017) appear to be type 2, whereas those in CA1 667 

(Wang and Buzsáki, 1996; Ferguson et al., 2013) and dentate gyrus (Vida et al., 2006) seem to 668 

be uniformly type 1. Therefore, we compared networks of uniform excitability type within the 669 

network. Moreover, we were careful to vary only parameters that did not change the excitability 670 

type of the model neurons, because we were interested in isolating the effect of excitability type 671 

alone affected synchronization properties. 672 

 673 
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Previous comparisons of type 1 versus type 2 excitability 674 

Previously Rinzel and Ermentrout (Rinzel and Ermentrout, 1998) contrasted the phase portraits 675 

and bifurcation structure for type 1 versus type 2 excitability using the Morris Lecar (Morris and 676 

Lecar, 1981) model in the two regimes. Izhikevich (Izhikevich, 2007) also showed in the phase 677 

plane that various minimal conductance-based models could exhibit saddle node and Hopf bi-678 

furcations. Neither study explored the implications of the bifurcation type for synchronization. 679 

In the weak coupling regime, Ermentrout and colleagues (Marella and Ermentrout, 2008; Abou-680 

zeid and Ermentrout, 2009) found that type 2 neurons receiving noisy common input synchro-681 

nize better than type 1. Rich et al (Rich et al., 2017) found that excitatory/inhibitory networks 682 

with type 2 interneurons were more robust to changes in network connectivity compared to type 683 

1. Synchronization in small networks with type 1 versus type 2 excitability has been contrasted 684 

in earlier studies (Achuthan and Canavier, 2009; Wang et al., 2012; Sadeghi and Valizadeh, 685 

2014). None of the type 1 versus type 2  model comparisons cited above were calibrated to 686 

match spike shape, shape of the F/I curve, time constant and input resistance across excitability 687 

types as were the models in our study. Thus, we extend these previous comparisons so that 688 

any difference in network activity is due to the bifurcation type. 689 

Borgers and Walker (Börgers and Walker, 2013) compared the synchronization tendencies of 690 

either type 1 (Wang and Buzsáki, 1996) or type 2 (Erisir et al., 1999) interneurons embedded in 691 

excitatory/inhibitory (E/I) networks with type 1 excitatory neurons. The inhibitory synapses were 692 

hyperpolarizing. The modeled E-cells were in the mean-driven regime (with heterogeneous 693 

drive) and participated in every gamma cycle. In the PING regime, the mean drive for the I cells 694 

is also heterogeneous, but below the threshold for repetitive spiking, so they fire when they re-695 

ceive a synchronous volley from the E-cells.  Without gap junctions, as the drive to the I-cells 696 

was increased to exceed threshold for repetitive firing, the type 1 I-cells desynchronized via 697 

phase dispersion of all interneurons, whereas the type 2 neurons desynchronized via suppres-698 
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sion of the slower interneurons and phase dispersion among the faster ones. This seems to 699 

contradict our results that type 2 neurons are more resistant to suppression in networks with hy-700 

perpolarizing inhibition. However, there is no contradiction with our results. The results present-701 

ed in our study apply when the population is in a parameter regime in which neurons synchro-702 

nize their firing with the population, whereas their parameter settings biased their interneurons 703 

in an asynchronous regime above the threshold for repetitive firing. The desynchronized I-cells 704 

suppressed the E cells. For both types, adding sufficiently strong gap junctions enforces ING 705 

synchrony among interneurons (as we also found, see last section of Results), but nonetheless 706 

leads to suppression of the E-cells via a distinct deterministic mechanism. In this mechanism, 707 

the phase delays produced by the synchronized firing of the I-cells exceed the oscillatory period 708 

of the mean-driven E cells, resulting in complete suppression of the E cells. It has since been 709 

shown that ING can be observed without suppression of the E-cells both experimentally (Vinck 710 

et al., 2013, 2015a, 2015b; Perrenoud et al., 2016) and in models (Figure 7A in (Tikidji-711 

Hamburyan et al., 2019)).  712 

Previous studies on suppression  713 

Early work (Wang and Buzsáki, 1996; Chow et al., 1998; White et al., 1998) on robustness of 714 

inhibitory interneuronal synchrony focused of type 1 excitability only. These studies did not in-715 

clude conduction delays, and concluded that hyperpolarizing inhibition and non-physiological 716 

low levels of heterogeneity in excitatory drive were required for synchrony; adding delays to the 717 

system changes these results.  Subsequent studies (Vida et al., 2006) used the same type 1 718 

Wang and Buzsaki model added a ring topography but with conduction delays ranging from 0.7 719 

to 10.5 ms; they found that networks with shunting inhibition were more robust to heterogeneity 720 

than with hyperpolarizing inhibition. Their raster plots clearly show more suppression for type 1 721 

for hyperpolarizing compared to shunting inhibition, in agreement with our findings.   They re-722 

peated their simulation with the type 2 model of Erisir et. al. (Erisir et al., 1999), and obtained 723 
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similar synchronization results, as in our study. However, they did not show raster plots or report 724 

on suppression in the type 2 networks. Another study also used a distribution of delays (from 725 

0.7 to 3.5) to prevent the formation of two cluster solutions (Tikidji-Hamburyan et al., 2019) and 726 

stabilize global synchrony by moving the operating point away from the destabilizing discontinui-727 

ty in the phase resetting curve at 0 and 1. 728 

Chloride Reversal Potential May be Variable 729 

GABAA receptors are chloride channels. The reversal potential can vary across neurons with 730 

different internal chloride concentration due to differential chloride ion handling. The reversal 731 

potential for chloride in fast spiking basket cells in vitro is about -52 mV (Vida et al., 2006) in the 732 

dentate gyrus, which implies shunting inhibition in those cells. Previous studies in CA1 and CA3 733 

concluded that inhibition between basket cells was hyperpolarizing (Buhl et al., 1995; Cobb et 734 

al., 1997). However, the Cl- concentration can be modulated (Garand et al., 2019), and there 735 

can be intracellular gradients in chloride concentration (Blaesse et al., 2009). Therefore, there is 736 

sufficient uncertainty regarding the precise reversal potential of chloride at synapses between 737 

interneurons to warrant a systematic study of both types of inhibition. Moreover, there may be 738 

variability between brain regions; it is conceivable that the reversal potential for mutual inhibition 739 

and the excitability type of the interneurons could be co-regulated to optimize synchronization 740 

properties. 741 

Support for Cycle Skipping in the Mean-Driven Oscillatory Regime to Enforce Synchrony 742 

Pairs of fast spiking interneurons with reciprocal inhibitory (but not electrical) coupling can syn-743 

chronize in vitro with millisecond precision (Fig 4 in (Hu et al., 2011) and Fig 13 in (Gibson et al., 744 

2005)) when they are both depolarized into an oscillatory regime by current injection. On cycles 745 

in which synchrony is not tight, one neuron suppresses the other, resulting in cycle skipping. 746 

Cycle skipping characterized by bi- or multi-modal ISI histograms in FS interneurons was ob-747 
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served in pharmacologically induced gamma in a slice preparation (Fig. 4B and C in (Hájos et 748 

al., 2004)) and in computational PING  (Economo and White, 2012) and ING models with both 749 

type 1 (Buzsáki et al., 2004), and type 2 neurons  (Tikidji-Hamburyan et al., 2015). Moreover, 750 

there are instances of inhibitory neurons in the oscillatory regime in vivo.  For example, a subset 751 

of fast spiking interneurons were recently identified in mouse barrel cortex in vivo whose firing 752 

was clocklike at gamma frequency (Shin and Moore, 2019). Of even greater relevance, in 753 

mouse striatum, the subset of FS neurons that were strongly locked to transient 50 Hz gamma 754 

oscillations in vivo exhibited clear bimodal peaks in their ISI histogram  (at 20 and 40 ms) 755 

(Berke, 2009). CA3 FS cells fired at 21 Hz during 45 Hz gamma, thus they fired roughly on eve-756 

ry other cycle (Tukker et al., 2013), but no histograms were provided. 757 

 Cycle skipping provides a mechanism by which coupled oscillator models can produce tightly 758 

synchronized firing with sparse firing in individual neurons. This mechanism is distinct from a 759 

clustering mechanism that was advanced to introduce robustness of population synchrony. In 760 

that mechanism,  interneurons did not participate on every gamma cycle because synchronized 761 

subclusters fired in sequence (Tiesinga and José, 2000). Another study (Tikidji-Hamburyan et 762 

al., 2015a) found that cycle skipping was more prominent in type 2 versus type 1 networks with 763 

hyperpolarizing inhibition, but a fair comparison across the parameter space with matched mod-764 

els was not performed. Cycle skipping allows robustness to heterogeneity in excitatory drive and 765 

connectivity for both type 1 and type 2 networks, overcoming a perceived weakness of coupled 766 

oscillator models of network gamma. Since gamma frequency is variable and often modulated 767 

by theta, physiological ISI histograms from FS interneurons during episodes of gamma are ex-768 

pected to be less sharply peaked than the examples in Figures 3AB and 5AB for steady, sus-769 

tained gamma oscillations. However, if FS interneurons are in the mean-driven oscillatory re-770 

gime during gamma episodes in vivo, a clear neural signature of gamma resulting from cycle 771 

skipping interactions between interneurons in the mean driven regime would be potentially uni-772 
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modal ISI histograms in the fastest interneurons and bi or even multimodal histograms in other 773 

interneurons.   774 

  775 

Therapeutic directions for PAC and cognition 776 

The hippocampal theta rhythm has been shown to be necessary for spatial learning by rats in a 777 

water maze (McNaughton et al., 2006). Phase amplitude coupling between theta and gamma 778 

likely plays an important role in cognition (Fell and Axmacher, 2011), and we have shown here 779 

that type 2 excitability in interneurons strengthens phase amplitude coupling between theta and 780 

gamma rhythms for hyperpolarizing but weakens it for shunting inhibition. This suggests the 781 

possibility that interneurons could modulate their excitability type according to whether inhibition 782 

is hyperpolarizing or shunting, or vice versa. Moreover, this suggests a therapeutic strategy to 783 

manipulate excitability type, and thereby theta nested gamma phase amplitude coupling, by tar-784 

geting currents active in fast spiking interneurons in the subthreshold regime to tip the balance 785 

toward outward currents.  786 

The balance of inward and outward currents in the voltage range traversed between action po-787 

tentials during the interspike interval (ISI) determines whether a neuron exhibits type 1 or type 2 788 

excitability, and is easily modifiable by altering this balance (Golomb et al., 2007; Prescott et al., 789 

2008). For type 2, outward currents predominate at steady state in this region of subthreshold 790 

membrane potential, but are activated more slowly than the inward currents. Therefore, the 791 

dwell time in this region of membrane must be brief so that the outward current does not equili-792 

brate and stop the depolarization caused by the inward currents between spikes. There is a 793 

maximum ISI for which repetitive spiking can be supported, hence a minimum frequency below 794 

which the neuron cannot sustain repetitive firing. In contrast, inward currents predominate at 795 

steady state in the subthreshold range on membrane potentials spanned by the interspike inter-796 
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val, therefore arbitrarily low firing rates can be sustained. Decreasing inward or increasing out-797 

ward currents that have a steady state component during the ISI favors type 2 excitability, and 798 

the opposite manipulations favor type 1. These manipulations, depending upon whether inhibi-799 

tion is hyperpolarizing or shunting, could increase theta/gamma PAC.   Increased theta/gamma 800 

phase amplitude coupling may in turn improve some aspects of cognition. 801 
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Figure Legends 1005 

Figure 1.  Phase plane analysis of model bifurcation structure. Red curves indicate the 1006 
leftmost two branches of the cubic V-nullcline on which the rate of change of membrane poten-1007 
tial is zero. The gray curve is the n-nullcline on which the rate of change of the slow variable is 1008 
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zero. Filled and open cycles are stable and unstable fixed points. The half filled circle is the 1009 
saddle node. Under the assumption of fast/slow dynamics, fixed points on the left branch are 1010 
stable and those on the other branch shown are unstable. A. Type 1. A1. Quiescent neuron with 1011 
no bias current has a stable resting potential (filled circle) on the left branch at -68 mV. Only one 1012 
of the two fixed points on the unstable branch appear in this view, chosen to emphasize the bi-1013 
furcation. A2. The n-nullcline is tangent to the V-nullcline as a stable and unstable fixed point 1014 
collide to form a saddle node with 2/1.38I A cm . The bifurcation is only a SNIC if a limit cy-1015 
cle is born simultaneously and emanates from the saddle node. B. Type 2. B1. Quiescent neu-1016 
ron with no bias current has a stable resting potential (filled circle) on the left branch at -68 mV. 1017 
There is only a single fixed point. B2. The Hopf bifurcation occurs as the fixed point loses stabil-1018 
ity as it moves onto the unstable branch at 2/2.11I A cm . 1019 

  1020 

Figure 2. Model Calibration. The parameters of the model for both types (parameters given in 1021 
Table 1, attributes in Table 2) were adjusted to make the comparison as fair as possible. A. 1022 
Frequency/ current  (f/I) curves for type 1 (black dots) and type 2 (red crosses) overlap for the 1023 
range of bias currents (horizontal bar) used in our heterogeneous networks. The vertical bar 1024 
shows the range of frequencies exhibited at the heterogeneous bias current levels. The f/I 1025 
curves were measured using current steps of sufficient duration to allow any transients to die 1026 
out and establish a steady frequency. Arbitrarily slow frequencies can be obtained for type 1 1027 
(not shown) near the bifurcation, but type 2 has a minimum cutoff frequency below which it can-1028 
not fire. Current steps were additive (the membrane potential was not returned to rest between 1029 
steps). After stepping up, the current was stepped down to reveal the bistable region. The bista-1030 
ble range for type 2 is evident from the current values at which a zero frequency quiescent solu-1031 
tion coexists with a repetitively firing solution. This region was determined using XPPAUTO. B. 1032 
The spike shapes and the interspike interval are very similar for type 1 (black curve) and type 2 1033 
(red dashed curve). 2/2.85I A cm  1034 

Figure 3. Steady State Synchronization of Heterogeneous Inhibitory Interneuronal Net-1035 
works with Hyperpolarizing Inhibition. A. Networks of type 1 neurons with synaptic conduct-1036 
ance 0.05 mS/cm2 and noise standard deviation 1.5 μA/cm2, indicated by black diamonds in C 1037 
and D.  Bottom left: raster plot for 300 neurons, ordered by the level of applied depolarizing bias 1038 
current, with the most depolarized neurons at the top. Top left: Representative membrane po-1039 
tential trace for an individual neuron that clearly exhibits a subthreshold oscillation due to net-1040 
work activity and cycle skipping. Bottom right: Histogram of interspike intervals across the popu-1041 
lation. Top right: Histogram of average participation for all neurons in the network. B. Networks 1042 
of type 2 neurons with the same parameters as in A.  The four panels are the same as in A. C. 1043 
2D parameter sweep in conductance strength and noise standard deviation for type 1 networks. 1044 
Heatmaps from left to right: C1: vector strength R of synchronization of individual spikes with the 1045 
network oscillation, C2: average participation for neurons that are not totally suppressed calcu-1046 
lated as the mean μFr/Fnet of the frequency of spiking neurons normalized by the population fre-1047 
quency, C3: the coefficient of variation of the participation CVFr/Fnet, and C4: the fraction of com-1048 
pletely suppressed neurons. D. 2D parameter sweep for type 2 networks. Heatmaps are the 1049 
same as in C.  1050 

Figure 4. Phase Plane Analysis of Heterogeneous Inhibitory Interneuronal Networks with 1051 
Hyperpolarizing Inhibition. Large gray dashed arrows show the local direction of motion in the 1052 
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vector field. Other thin black arrows simply point out a specific feature. These phase plane por-1053 
traits are similar to those in Fig. 1 with two exceptions. First, the V-nullcline (black curves) 1054 
shown is an average across the heterogeneous population. Thus, the fixed points shown are 1055 
also an average, and actually differ for each neuron. Second, the time-varying levels of inhibi-1056 
tion between the neurons causes the position of the average V-nullcline to fluctuate in time. The 1057 
slow n-nullcine (gray) is constant for each type. Each dot represents the current position of one 1058 
neuron in the network, with the fastest neurons in red and the slowest in blue (there is also a 1059 
contribution to the dynamics by the number of active inhibitory inputs to each neuron, which 1060 
cannot be inferred from the color code). Movement in the horizontal direction is fast compared 1061 
to that in the vertical direction because the slow variable is plotted along the y axis. A. Type 1.   1062 
A1. Minimal inhibition creates a slow channel between the nullclines (vertical arrow). A2. Inhibi-1063 
tion midpoint. As neurons escape to the right (horizontal arrow shows direction of motion) and 1064 
fire an action potential, inhibition accumulates and moves the average V-nullcline down. The 1065 
right branch of the V-nullcline is the firing threshold (vertical arrow). A3. Maximal inhibition. The 1066 
population is segregated into two groups. One group that fired on the most recent network cycle 1067 
slowly moves down (thick arrow at top shows direction of motion)  along the stable left branch of 1068 
the average V-nullcline. The other group (diagonal arrow) skipped this cycle and tends to line up 1069 
along the flat portion of the n-nullcline. B. Type 2. B1. Minimal inhibition. In contrast to the ab-1070 
sence of a fixed point in A1, there is a stable fixed point (technically fixed points, vertical arrow) 1071 
at the intersection of the average V-nullcline and the n-nullcine. This fixed point is surrounded 1072 
by an unstable limit cycle (red curve) that forms the boundary between spiking and quiescent 1073 
trajectories. B2. Inhibition midpoint. As in A2 inhibition accumulates as neurons escape to the 1074 
right and fire action potentials. The right branch of the V-nullcline is now the firing threshold (ver-1075 
tical arrow).  B3. Inhibition maximum. As in A3, two groups are evident corresponding to those 1076 
that fired and those that skipped. C. Summary. C1. This figure shows that the movement of the 1077 
fixed point as inhibition waxes and wanes is (leftward)  in the fast, horizontal direction for type 1. 1078 
C2. In contrast, the downward and leftward movement of the fixed point for type 2 has a com-1079 
ponent in the slow direction, which helps equalize the opportunity of slow neurons to fire as 1080 
compared to fast neurons. 1081 

 1082 

Figure 5. Steady State Synchronization of Heterogeneous Inhibitory Interneuronal Net-1083 
works with Shunting Inhibition.  1084 

A. Networks of type 1 neurons with synaptic conductance 1.5 mS/cm2 and noise standard devia-1085 
tion 1.5 μA/cm2, indicated by black diamonds in C and D.  Bottom left: raster plot for 300 neu-1086 
rons, ordered by the level of applied depolarizing bias current, with the most depolarized neu-1087 
rons at the top. Top left: Representative membrane potential trace for an individual neuron that 1088 
clearly exhibits a subthreshold oscillation due to network activity and cycle skipping. Bottom 1089 
right: Histogram of interspike intervals across the population. Top right: Histogram of average 1090 
participation for all neurons in the network. B. Networks of type 2 neurons with the same pa-1091 
rameters as in A.  The four panels are the same as in A. C. 2D parameter sweep in conduct-1092 
ance strength and noise standard deviation for type 1 networks. Heatmaps from left to right give 1093 
C1) the vector strength R of synchronization of individual spikes with the network oscillation, C2) 1094 
the average participation for neurons that are not totally suppressed calculated as the mean 1095 
μFr/Fnet of the frequency of spiking neurons normalized by the population frequency, C3) the coef-1096 
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ficient of variation of the participation CVFr/Fnet, and C4) the fraction of completely suppressed 1097 
neurons. D. 2D parameter sweep for type 2 networks. Heatmaps are the same as in C.  1098 

Figure 6. Phase Plane Analysis of Heterogeneous Inhibitory Interneuronal Networks with 1099 
Shunting Inhibition. These phase plane portraits are similar to those in Fig. 4 except the inhibi-1100 
tion is now shunting instead of hyperpolarizing. Large gray dashed arrows again show the local 1101 
direction of motion in the vector field. Other thin black arrows simply point out a specific feature. 1102 
The average V-nullcline (black curves) and the slow n-nullcine (gray) are shown for each type. 1103 
Each again dot represents the current position of one neuron in the network, with the fastest 1104 
neurons in red and the slowest in blue. A. Type 1.   A1. Minimal inhibition again creates a slow 1105 
channel between the nullclines (vertical arrow). A2. Inhibition midpoint. The right branch of the 1106 
V-nullcline is the firing threshold (vertical arrow). As neurons escape to the right (horizontal ar-1107 
row shows direction of motion) and fire an action potential, inhibition again accumulates and 1108 
moves the average V-nullcline down.  A3. Maximal inhibition. The population is again segregat-1109 
ed into two groups. However, the group that skipped this cycle (diagonal arrow) does not line up 1110 
as clearly as in Fig. 4A along the flat portion of the n-nullcline. B. Type 2. B1. Minimal inhibition. 1111 
In contrast to the absence of a fixed point in A1, there is a stable fixed point at the intersection 1112 
of the average V-nullcline and the n-nullcine. This fixed point is again surrounded by an unsta-1113 
ble limit cycle (red curve) that forms the boundary between spiking and quiescent trajectories. 1114 
B2. Inhibition midpoint. As in A2 inhibition accumulates as neurons escape to the right and fire 1115 
action potentials. However in this case the ghost of the unstable limit cycle unfurls into a qua-1116 
sithreshold (red curve)  and separates spiking and skipping trajectories (vertical arrow labeling 1117 
the red curve as the firing threshold). B3. Inhibition maximum. As in A3, two groups are evident 1118 
corresponding to those that spiked and those that skipped (diagonal arrow) . C. Summary. C1. 1119 
This figure shows that there is less leftward movement of the fixed point as inhibition waxes and 1120 
wanes in the fast, horizontal direction for type 1 compared to in Fig. 4C1. C2. The fixed point for 1121 
type 2 tends to trap trajectories inside the unstable limit cycle (red curve, see blowup in inset), 1122 
which enforces skipping. 1123 

Figure 7. Theta Phase Gamma Amplitude Modulation of Heterogeneous Inhibitory Inter-1124 
neuronal Networks with Hyperpolarizing Inhibition. Two examples of sinusoidal modulation 1125 
of these networks, with a 5 Hz sinusoidal modulation in inhibitory conductance shown at top left, 1126 
and a shallower 10 Hz sinusoidal modulation shown at top right (conductance 20.1 /ijg mS cm , 1127 

noise standard deviation 23 /A cm ).    A. Type 1 networks.  A1. 5 Hz modulation. A2. 10Hz 1128 
modulation.  Top : Representative sparsely firing single neuron type 1 traces with subthreshold 1129 
oscillations due to network activity. Middle: Raster plots for 300 neurons with faster neurons 1130 
(based on I app) shown at the top. Bottom: Simulated LFP consisting of summated inhibitory 1131 
currents throughout the network. B. Type 2 networks.  B1. 5 Hz modulation. B2. 10 Hz modula-1132 
tion.  Top: Representative sparsely firing single neuron type 2 traces with subthreshold oscilla-1133 
tions due to network activity. Middle: Raster plots for 300 neurons with faster neurons (based on 1134 
I app) shown at the top. Bottom: Simulated LFP consisting of summated inhibitory currents 1135 
throughout the network. C. Heatmaps for 2D parameter space of modulation depth (given in 1136 
terms of the peak of the sinusoidal conductance waveform) and frequency. Asterisks show pa-1137 
rameter values from A and B. C1. Vector strengths for type 1 networks.  C2. Vector strengths for 1138 
type 2 networks. C3. Difference of vector strengths for type 2 and type 1 networks. Hot colors 1139 
indicate a difference greater than zero. The difference is well above zero in the lower lefthand 1140 
corner plot meaning that the vector strength for type 2 networks is higher. 1141 
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 1142 

Figure 8. Speed of Recruitment of Theta-Nested Gamma in Homogeneous Inhibitory Net-1143 
works with Hyperpolarizing Versus Shunting Inhibition. A. Homogeneous inhibitory network 1144 
with hyperpolarizing inhibition showing that type 2 neurons are recruited more quickly into theta-1145 
nested gamma (leftmost vertical gray bar) and persist longer (rightmost gray bar). A1. Type 1. 1146 
A2. Type 2. B. Homogeneous inhibitory network with hyperpolarizing inhibition showing that 1147 
type 1 neurons are recruited more quickly into theta-nested gamma (leftmost vertical gray bar) 1148 
and persist longer (rightmost gray bar). B1. Type 1. B2. Type 2. 1149 

 1150 

Figure 9. Theta Phase Gamma Amplitude Modulation of Heterogeneous Inhibitory Inter-1151 
neuronal Networks with Shunting Inhibition. One example of sinusoidal modulation of these 1152 
networks, with a 5 Hz sinusoidal modulation in inhibitory conductance shown at the top for the 1153 
same synaptic conductance and noise standard deviation as in Fig.7. A. Type 1 networks  mod-1154 
ulation.  Top: Representative sparsely firing single neuron type 1 traces with subthreshold oscil-1155 
lations due to network activity. Middle: Raster plots for 300 neurons with faster neurons (based 1156 
on I app) shown at the top. Bottom: Simulated LFP consisting of summated inhibitory currents 1157 
throughout the network. B. Type 2 networks.  Top: Representative sparsely firing single neuron 1158 
type 2 traces with subthreshold oscillations due to network activity. Middle:. Raster plots for 300 1159 
neurons with faster neurons (based on I app) shown at the top. Bottom: Simulated LFP consist-1160 
ing of summated inhibitory currents throughout the network. C. Heatmaps for 2D parameter 1161 
space of modulation depth (given in terms of the peak of the sinusoidal conductance waveform) 1162 
and frequency. Asterisk shows the parameter values from A and B. C1. Vector strengths for 1163 
type 1 networks.  C2. Vector strengths for type 2 networks. C3. Difference of vector strengths 1164 
for type 2 versus type 1 networks. Cool colors indicate a difference less than zero. The differ-1165 
ence is below zero in this plot, meaning that the vector strength for type 2 networks is higher, 1166 
except at the bottom where the vector strength is relatively small. 1167 

 1168 

Figure 10. Replication of Results with Additional Heterogeneity in Intrinsic Dynamics.  In 1169 
addition to a uniform distribution of applied currents 2

0, [2, 3. /7]iI A cm , heterogeneity in 1170 

41.0 0.4iF  normally distributed was introduced in the population. iF gives a range of cutoff 1171 
frequencies from 10 to 65 Hz for type 2. A. Steady State Synchronization 2D parameter 1172 
sweep in conductance strength and noise standard deviation. Heatmaps from left to right: vector 1173 
strength R of synchronization of individual spikes with the network oscillation, average participa-1174 
tion for neurons that are not totally suppressed calculated as the mean μFr/Fnet of the frequency 1175 
of spiking neurons normalized by the population frequency, the coefficient of variation of the 1176 
participation CVFr/Fnet, and  the fraction of completely suppressed neurons. The top two rows 1177 
show that the major result from Figure 3 for networks with hyperpolarizing inhibition without the 1178 
additional heterogeneity is preserved: there is more variability in the CV of participation and 1179 
more neurons completely suppressed for type 1 versus type 2.   Type 2 networks are still able to 1180 
achieve stronger 0.9R  synchronization almost everywhere, whereas Type 1 networks can 1181 
reach 0.85R in a small subregion and show moderate synchronization 0.6, 0.8R  in the 1182 
rest of parameter space. Heterogeneity in the neuron dynamics reduces average participation in 1183 
network oscillation compared to Figure 3, dramatically increases variability in participation for 1184 
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Type 1 networks (CV  from 0.8 to 1.0 almost everywhere), and increases total suppression for 1185 
both types. The next two rows show that the major result from Figure 5 for networks with hy-1186 
perpolarizing inhibition without the additional heterogeneity is preserved: more neurons com-1187 
pletely suppressed for type 2 versus type 1.  B.  Theta Phase Gamma Amplitude Coupling. 1188 
Heatmaps for 2D parameter space of modulation depth and frequency. Cool colors indicate a 1189 
ratio less than one in the heatmaps for the ratio. The ratio is always above one for hyperpolariz-1190 
ing inhibition meaning that the vector strength for type 2 networks is higher, as in Figure 7.  The 1191 
ratio is below one for shunting inhibition as in Figure 9, meaning that the vector strength for type 1192 
2 networks is higher, except at the bottom where the vector strength is small.  1193 

 1194 

Movie 1 (sp1-20190619163238.mp4) Dynamics of the Type 1 population with hyperpolariz-1195 
ing inhibition. Left plots from top to bottom: population raster plot: Color code indicates ampli-1196 
tude of excitatory drive; Population voltage traces; population slow variable traces; averaged 1197 
synaptic conductance of the population. Right: phase plane analysis. Position of each neuron in 1198 
the state space is marked by a color cycle. Color code is the same as in top left plot. Blue solid 1199 
line indicates average instantaneous voltage nullcline. Dashed blue line indicates voltage null-1200 
cline in the absence of inhibition. Red dashed line shows slow variable nullcline. 1201 

 1202 

Movie 2 (sp2-20190619165631.mp4) Dynamics of the Type 2 population with hyperpolariz-1203 
ing inhibition.  Plots and lines are the same as for Movie 1. An additional black dash-dot curve 1204 
indicates unstable limit cycle which breaks and turns in quasithreshold. 1205 

 1206 

Movie 3 (sp3-20190619103132.mp4) Dynamics of the Type 1 population with shunting in-1207 
hibition.  Plots and lines are the same as for Movie 1. 1208 

 1209 

Movie 4 (sp4-20190619104959.mp4) Dynamics of the Type 2 population with shunting in-1210 
hibition.  Plots and lines are the same as for Movie 1. 1211 

Extended Data 1. inhibitorynetwork.zip Zip file containing Neuron code with python wrapper. 1212 
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 1213 

Table 1. 1214 

Parameters for type 1 and type 2 models. 1215 

type 2( / )Lg mS cm
 

( )LE mV  0n  
 

1/2 ( )v mV
 

( )mV  
 

0 ( )ms  
 

( )s ms  
 

0 ( )v mV  ( )mV  
 

1 0.3 -54.3 0.35 -40.0 4.0 0.46 3.5 -60.5 35.9 
2 0.1 -39.0 0.28 -44.5 9.0 0.5 5.0 -60.0 30.0 

 1216 

Table 2. 1217 

Characteristics of membrane passive properties and spike shape for type 1 and type 2 models 1218 

 Type 1 Type 2 
Resting potential (mV) -67.78 -67.91 

Positive input resistance (Ohm cm2)  1741 2032 
Negative input resistance (Ohm cm2)  1761 2027 

Spike threshold (mV) -44.34 -44.81 
Spike width on half height (ms) 0.39 0.40 

Spike Height (mV) 88.00 88.39 
After hyperpolarization (mV) 31.01 30.54 

 1219 

Table 3. 1220 

Characteristics of network steady-state oscillations with the parameters used in simulations with 1221 
theta modulation: conductance 20.1 /ijg mS cm , noise standard deviation 23 /A cm . 1222 

 Hyperpolarizing Inhibition Shunting Inhibition 
Type 1 Type 2 Type 1 Type 2 

R 0.8 0.88 0.75 0.67 
Mean 
participation 0.2 0.27 0.22 0.17 

CV of  
participation 0.81 0.64 0.64 0.65 

Total 
suppression 0.15 0.03 0.04 0.04 

 1223 

 1224 
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type 2( / )Lg mS cm
 

( )LE mV  0n  
 

1/2 ( )v mV
 

( )mV  
 

0 ( )ms  
 

( )s ms  
 

0 ( )v mV  ( )mV  
 

1 0.3 -54.3 0.35 -40.0 4.0 0.46 3.5 -60.5 35.9 
2 0.1 -39.0 0.28 -44.5 9.0 0.5 5.0 -60.0 30.0 
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 Type 1 Type 2 
Resting potential (mV) -67.78 -67.91 

Positive input resistance (Ohm cm2)  1741 2032 
Negative input resistance (Ohm cm2)  1761 2027 

Spike threshold (mV) -44.34 -44.81 
Spike width on half height (ms) 0.39 0.40 

Spike Height (mV) 88.00 88.39 
After hyperpolarization (mV) 31.01 30.54 
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 Hyperpolarizing Inhibition Shunting Inhibition 
Type 1 Type 2 Type 1 Type 2 

R 0.8 0.88 0.75 0.67 
Mean 
participation 0.2 0.27 0.22 0.17 

CV of  
participation 0.81 0.64 0.64 0.65 

Total 
suppression 0.15 0.03 0.04 0.04 

 

 


