
	
Method	 Equations,	details,	and	hyperparameters	
General	
information	

For	 all	 the	 methods	 below,	 we	 describe	 our	 particular	 uses,	 which	 are	
available	in	our	code	package	and	are	used	in	the	decoding	demonstrations	
we	show	in	Results.		
	
Let	X	be	the	input	matrix	of	covariates	and	let	Y	be	the	output	that	is	being	
predicted.	Y		is	either	a	vector	or	matrix	depending	on	whether	the	outputs	
(e.g.	x	and	y	components	of	velocity)	are	predicted	simultaneously.	
	
Also,	note	that	for	our	demonstrations,	for	all	methods	below,	the	noise	of	
the	output	is	assumed	to	be	normally	distributed.	

Wiener	Filter	 Decoder	 predictions	 have	 the	 form	𝒀 = 𝜽𝑿,	 where	𝜽	is	 fit	 according	 to	
maximum	likelihood	estimation.		
Hyperparameters:	None	

Wiener	
Cascade	

Decoder	 predictions	 have	 the	 form	𝒀 = 𝛽! + 𝛽!𝒁! +⋯+ 𝛽!𝒁! ,	 where	
𝒁 = 𝜽𝑿.	 The	 parameters	𝜽 	and	 the	𝛽 ’s	 are	 fit	 iteratively	 according	 to	
maximum	likelihood	estimation.	
Hyperparameters:		Degree	of	the	polynomial	used	for	the	nonlinearity,	n.	

SVR	 Tutorials	 have	 previously	 been	 written	 on	 the	 details	 of	 support	 vector	
regression	and	how	they	are	optimized	(Smola	and	Schölkopf,	2004).	Here,	
we	provide	a	very	short	mathematical	summary.	In	nonlinear	SVR:	
	

𝒀 = (𝛼! − 𝛼!∗)𝑘(𝑿𝒊,𝑿)
!

!!!

+ 𝑏	

	
where	i	represents	the	data	point.	k	is	the	kernel	function,	which	allows	for	
the	nonlinear	transformation.	We	used	a	radial	basis	function	kernel:	
	

𝑘 𝒙′, 𝒙 = exp −
𝒙′ − 𝒙 𝟐

𝝈𝟐
	

	
The	 parameters	𝛼! 	and 𝛼!∗	are	 constrained	 to	 be	 in	 the	 range	[0,𝐶]	in	 the	
optimization	 problem,	 where	 C	 is	 a	 hyperparameter	 that	 can	 be	
understood	as	being	inversely	related	to	regularization	strength.		
Hyperparameters:	 Penalty	 of	 the	 error	 term	 (C),	 maximum	 number	 of	
iterations	

XGBoost	 In	 gradient-boosted	 tree	methods	 (which	 XGBoost	 is	 an	 implementation	
of),	a	mapping	is	learned	using	a	collection	of	regression	trees.		Training	an	
individual	 regression	 tree	 is	 accomplished	 by	 sequentially	 splitting	 the	
input	 space,	 and	 assigning	 an	 output	 value	 to	 each	 final	 partition	 of	 the	
input	 space	 (see	 (Breiman,	 2017)	 for	 further	 description).	 Let	𝑓! 	be	 the	
input/output	 mapping	 of	 regression	 tree	 i.	 The	 final	 decoder,	 which	
combines	across	N	regression	trees,	will	have	the	form:	
	

𝒀 = 𝑓!(𝑿)
!

!!!

	



	
To	 train	 the	 XGBoost	 decoder,	 regression	 trees	 are	 trained	 sequentially.	
The	 first	 tree	 is	 trained	 to	 minimize	 the	 loss	 function	 which	 here	 is	
𝒀 − 𝑓!𝑿 𝟐

𝟐  + 𝛺(𝑓!),	where	𝛺	is	a	regularization	function.	The	second	tree	
is	then	trained	to	predict	the	residual	of	the	first	tree’s	predictions.	That	is,	
we	 optimize	𝑓! 	to	 minimize	 𝒀 − 𝑓!𝑿 − 𝑓!𝑿 𝟐

𝟐  + 𝛺(𝑓!).	 Successive	 trees	
continue	 to	 be	 optimized	 to	 predict	 the	 remaining	 residual.	 See	
https://xgboost.readthedocs.io/en/latest/tutorials/model.html	for	a	more	
in-depth	tutorial	description.	
Hyperparameters:	 Maximum	 depth	 of	 each	 regression	 tree,	 number	 of	
trees,	learning	rate	

Feedforward	
Neural	Net	

We	created	a	 fully	connected	(dense)	 feedforward	neural	network	with	2	
hidden	 layers	 and	 rectified	 linear	 unit	 (“ReLU”)	 (Glorot	 et	 al.,	 2011)	
activations	 after	 each	 hidden	 layer.	 We	 required	 the	 number	 of	 hidden	
units	in	each	layer	to	be	the	same.	This	can	be	written	as:		
	

𝑯𝟏 = ReLU(𝑾𝟏𝑿 + 𝒃𝟏)	
𝑯𝟐 = ReLU(𝑾𝟐𝑿 + 𝒃𝟐)	

𝒀 = 𝑾𝟑𝑯𝟐 + 𝒃𝟑	
	
We	used	the	Adam	algorithm	(Kingma	and	Ba,	2014)	as	the	optimization	
routine	 to	 solve	 for	 all	𝑾’s	 and	𝒃’s.	We	 used	 the	 Keras	 library	 (Chollet,	
2015)	 for	all	neural	network	 implementations.	This	neural	network,	and	
all	neural	networks	below	had	two	output	units.	That	is,	the	same	network	
predicted	the	x	and	y	components	(of	position	or	velocity)	together,	rather	
than	separately.	
Hyperparameters:	Number	of	units	(dimensionality	of	𝑯𝟏	and	𝑯𝟐),	amount	
of	dropout	during	training,	number	of	training	epochs	

Simple	RNN	 Decoder	predictions	have	the	form:		
	

𝑯𝒕 = ReLU(𝑼𝑿𝒕 +𝑾𝑯𝒕!𝟏 + 𝒃)	
𝒀𝒕 = 𝑽𝑯𝒕 + 𝒄	

	
Note	 that	 we	 used	 the	 ReLU	 nonlinearity	 as	 opposed	 to	 the	 “tanh”	
nonlinearity,	 which	 is	 more	 common	 in	 RNNs,	 as	 this	 improved	
performance.	 We	 used	 RMSprop	 (Tieleman	 and	 Hinton,	 2012)	 as	 the	
optimization	routine.	
Hyperparameters:	 Number	 of	 units	 (dimensionality	 of	𝑯 ),	 amount	 of	
dropout	during	training,	number	of	training	epochs	

GRUs	 Here,	 we	 mix	 notation	 from	 (Goodfellow	 et	 al.,	 2016)	 and	 (Olah,	 2015),	
which	 provide	 excellent	 descriptions	 of	 the	 method.	 The	 GRU	 has	 two	
gates,	which	control	the	transmission	of	information	through	the	network.	
The	“update”	and	“reset”	gates	are	parameterized	as	follows:	
	
Update	gate:	𝒛𝒕 = σ(𝑼𝒛𝑿𝒕 +𝑾𝒛𝑯𝒕!𝟏 + 𝒃𝒛)	
Reset	gate:	𝒓𝒕 = σ(𝑼𝒓𝑿𝒕 +𝑾𝒓𝑯𝒕!𝟏 + 𝒃𝒓)	
	
A	temporary	hidden	state	is	calculated	as:	
	



𝒉𝒕 = tanh(𝑼𝒉𝑿𝒕 +  𝒓𝒕 ∗𝑾𝒉𝑯𝒕!𝟏 + 𝒃𝒄)	
	
In	 this	 calculation,	 the	 reset	 gate	 controls	 what	 information	 from	 the	
previous	hidden	state	is	in	this	proposed	new	hidden	state.	Note	that	the	∗	
symbol	 denotes	 an	 elementwise	 (by	 neural	 network	 unit)	multiplication.	
To	 calculate	 the	 hidden	 state,	 we	 use	 the	 update	 gate	 to	 control	 what	
information	flows	from	the	previous	hidden	state	versus	what	 is	updated	
from	the	temporary	state:	
	

𝒉𝒕 = (𝟏 − 𝒛𝒕) ∗ 𝒉𝒕!𝟏 +  𝒛𝒕 ∗ 𝒉𝒕	
	
Finally,	as	in	the	standard	RNN:	

𝒀𝒕 = 𝑽𝑯𝒕 + 𝒄	
	
We	 used	 RMSprop	 (Tieleman	 and	 Hinton,	 2012)	 as	 the	 optimization	
routine.	
	
Hyperparameters:	 Number	 of	 units	 (dimensionality	 of	𝑯 ),	 amount	 of	
dropout	during	training,	number	of	training	epochs.	

LSTM	 As	above,	we	mix	notation	from	(Goodfellow	et	al.,	2016)	and	(Olah,	2015),	
which	provide	 excellent	descriptions	of	 the	method.	The	LSTM	has	 three	
gates,	which	control	the	transmission	of	information	through	the	network.	
The	“forget”,	“input”,	and	“output”	gates	are	parameterized	as	follows:	
	

𝒇𝒕 = σ(𝑼𝒇𝑿𝒕 +𝑾𝒇𝑯𝒕!𝟏 + 𝒃𝒇)	
𝒊𝒕 = σ(𝑼𝒊𝑿𝒕 +𝑾𝒊𝑯𝒕!𝟏 + 𝒃𝒊)	
𝒐𝒕 = σ(𝑼𝒐𝑿𝒕 +𝑾𝒐𝑯𝒕!𝟏 + 𝒃𝒐)	

	
The	LSTM	has	a	cell	state,	𝑪𝒕,	that	carries	information	across	time.	We	can	
calculate	𝑪𝒕,	as:		
	

𝑪𝒕 = tanh(𝑼𝒄𝑿𝒕 +𝑾𝒄𝑯𝒕!𝟏 + 𝒃𝒄)	
𝑪𝒕 = 𝒇𝒕 ∗ 𝑪𝒕!𝟏 +  𝒊𝒕 ∗ 𝑪𝒕	

	
where	𝑪𝒕	is	 a	 temporary	 cell	 state,	 that	 becomes	 part	 of	 the	 cell	 state	
depending	on	the	input	gate,	𝒊𝒕.	Additionally,	the	previous	time	point’s	cell	
state	 is	 carried	 through	 depending	 on	 the	 forget	 gate,	𝒇𝒕.	 Note	 that	 the	∗	
symbol	denotes	an	elementwise	(by	neural	network	unit)	multiplication.	
	
The	hidden	state	of	the	network	is	an	output-gated	version	of	the	cell	state:	

𝑯𝒕 = 𝒐𝒕 ∗  tanh (𝑪𝒕)	
	
Finally,	as	in	the	standard	RNN:	

𝒀𝒕 = 𝑽𝑯𝒕 + 𝒄	
	
We	 used	 RMSprop	 (Tieleman	 and	 Hinton,	 2012)	 as	 the	 optimization	
routine.	
	
Hyperparameters:	 Number	 of	 units	 (dimensionality	 of	𝑯 ),	 amount	 of	



dropout	during	training,	number	of	training	epochs	
Kalman	Filter	 In	the	standard	Kalman	Filter,	

	
𝒚! = 𝑨𝒚!!! + 𝒘	

	
where	 	𝒚!	and	𝒚!!!	are	 6	 x	 1	 vectors	 reflecting	 kinematic	 variables	 (not	
just	 the	 velocity	 or	 position	 being	 predicting),	 and	w	 is	 sampled	 from	 a	
normal	distribution,	N(0,W),	with	mean	0	and	covariance	W.		
	

𝒙!∗ = 𝑯𝒚! + 𝒒	
	
where		𝒙!∗	is	the	neural	activity	at	time	𝑡∗,	and	q	is	sampled	from	a	normal	
distribution,	N(0,Q).	Note	 that	we	 allowed	a	 lag	between	 the	neural	 data	
and	predicted	kinematics,	which	is	why	we	use	t*	for	the	time	of	the	neural	
activity.		
	
During	training,	A,	H,	W,	and	Q	are	empirically	fit	on	the	training	set	using	
maximum	 likelihood	estimation.	When	making	predictions,	 to	update	 the	
estimated	hidden	state	at	a	given	time	point,	the	updates	derived	from	the	
current	 measurement	 and	 the	 previous	 hidden	 states	 are	 combined.	
During	this	combination,	the	noise	matrices	give	a	higher	weight	to	the	less	
uncertain	 information.	 See	 (Wu	 et	 al.,	 2003)	 or	 our	 code	 for	 the	 update	
equations	(note	that	x	and	y	have	different	notation	in	(Wu	et	al.,	2003)).	
	
We	 had	 one	 hyperparameter	 which	 differed	 from	 the	 standard	
implementation	(Wu	et	al.,	2003).	We	divided	the	noise	matrix	associated	
with	the	transition	in	kinematic	states,	W,	by	the	hyperparameter	scalar	C,	
which	 allowed	 weighting	 the	 neural	 evidence	 and	 kinematic	 transitions	
differently.	 	The	rationale	 for	 this	addition	 is	 that	neurons	have	temporal	
correlations,	 which	 make	 it	 desirable	 to	 have	 a	 parameter	 that	 allows	
changing	 the	weight	of	 the	new	neural	evidence.	The	 introduction	of	 this	
parameter	made	a	big	difference	 for	 the	hippocampus	dataset	 (Extended	
Data	Fig.	4	-	1).		
	
Hyperparameters:	 C	 and	 the	 lag	 between	 the	 neural	 data	 and	 predicted	
kinematics.		

Naïve	Bayes	 We	used	a	Naïve	Bayes	decoder	similar	to	the	one	implemented	in	(Zhang	
et	al.,	1998).	We	first	fit	an	encoding	model	(tuning	curve)	using	the	output	
variables.	Let	fi(s)	be	the	value	of	the	tuning	curve	(the	expected	number	of	
spikes)	 for	 neuron	 i	 at	 the	 output	 variables	 s.	 Note	 that	 s	 is	 a	 vector	
containing	 the	 two	 output	 variables	 we	 are	 predicting	 (x	 and	 y	
positions/velocities).	 	 We	 assume	 the	 number	 of	 recorded	 spikes	 in	 the	
given	bin,	ri,	is	generated	from	the	tuning	curve	with	Poisson	statistics:		
	

𝑃 𝑟! 𝒔 =
exp [−𝑓!(𝒔)]𝑓!(𝒔)!!

𝑟!!
	

	
We	 also	 assume	 that	 all	 the	 neurons’	 spike	 counts	 are	 conditionally	
independent	given	the	output	variables,	so	that:	



	
𝑃 𝒓 𝑠 ∝ 𝑃 𝑟! 𝑠

!

	

	
where	 r	 is	 a	 vector	with	 the	 spike	 counts	 of	 all	 neurons.	 Bayes’	 rule	 can	
then	be	used	to	determine	the	likelihood	of	the	output	variables	given	the	
spike	counts	of	all	neurons:	
	

𝑃 𝒔 𝒓 ∝  𝑃 𝒓 𝒔 𝑃(𝒔)	
	
where	P(s)	 is	 the	probability	distribution	of	the	output	variables.	To	help	
with	temporal	continuity	of	decoding,	we	want	our	probabilistic	model	to	
include	how	 the	 output	 variables	 at	 one	 time	 step	depend	on	 the	 output	
variables	 at	 the	 previous	 time	 step:	 	𝑃 𝒔! 𝒔!!! .	 Thus,	 we	 can	 more	
generally	write,	using	Bayes’	rule	as	before:	
	

𝑃 𝒔! 𝒓!∗, 𝒔!!! ∝  𝑃 𝒓!∗ 𝒔! 𝑃 𝒔!!! 𝒔! 𝑃 𝒔! 	
	
Note	that	we	use	𝒓!∗	rather	than	𝒓!	because	we	use	neural	responses	from	
multiple	 time	 bins	 to	 predict	 the	 current	 output	 variables.	 The	 above	
formula	assumes	that	𝒓!∗	and	𝒔!!!	are	independent,	conditioned	on	𝒔! .	The	
final	decoded	stimulus	in	a	time	bin	is:	argmax𝒔! 	𝑃 𝒔! 𝒓!∗, 𝒔!!! .	
	
𝑃 𝒔!!! 𝒔! 	was	determined	as	follows.	Let	Δ𝒔	be	the	Euclidean	distance	in	
s	 from	 one	 time	 step	 to	 the	 next.	We	 fit	𝑃(Δ𝒔)	as	 a	 Gaussian	 using	 data	
from	the	training	set.	𝑃 𝒔!!! 𝒔! 	was	approximated	as	𝑃(Δ𝒔!).	That	 is,	 the	
probability	of	 going	 from	one	output	 state	 to	 another	was	only	based	on	
the	distance	between	the	output	states,	not	the	output	state	itself.	
	
Additionally,	 including	𝑃 𝒔 	based	 on	 the	 distribution	 of	 output	 variables	
in	the	training	set	did	not	improve	performance	on	the	validation	set.	This	
could	be	because	the	probability	distribution	differed	between	the	training	
and	validation/testing	sets,	or	because	the	distribution	of	output	variables	
was	approximately	uniform	in	our	tasks.	Thus,	we	simply	used	a	uniform	
prior.	
	
In	 our	 calculations,	we	discretize	 s	 into	 a	 100	 x	 100	 grid	 going	 from	 the	
minimum	 to	 maximum	 of	 the	 output	 variables.	 When	 increasing	 the	
decoding	 resolution	of	 the	output	variables,	we	did	not	 see	a	meaningful	
change	in	decoding	accuracy.		
	
Our	tuning	curves	had	the	format	of	a	Poisson	generalized	quadratic	model	
(Park	 et	 al.,	 2013),	 which	 improved	 the	 performance	 over	 generalized	
linear	models	on	validation	datasets.	
	
On	the	hippocampus	dataset,	we	used	the	total	number	of	spikes	over	the	
same	 time	 interval	 as	we	used	 for	 the	other	decoders	 (4	bins	before,	 the	
concurrent	bin,	and	5	bins	after).	Note	that	using	a	single	time	bin	of	spikes	
led	 to	 very	 poor	 performance.	 On	 the	 motor	 cortex	 and	 somatosensory	



cortex	 datasets,	 the	 naïve	 Bayes	 decoder	 gave	 very	 poor	 performance	
regardless	 of	 the	 bins	 used.	 We	 ultimately	 used	 bins	 that	 gave	 the	 best	
performance	on	a	validation	set:	2	bins	before	and	the	concurrent	bin	for	
the	motor	cortex	dataset;	1	bin	before,	the	concurrent	bin,	and	1	bin	after	
for	the	somatosensory	cortex	dataset.	
	
Hyperparameters:	None	

	
	
Figure	4-3:	Additional	decoder	details,	including	equations	and	hyperparameters	
These	details	are	for	the	decoder	implementations	that	we	use	in	our	demonstrations	and	
have	in	our	code	package.		
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