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ABSTRACT 24 

Neural networks in the brain can function reliably despite various sources of errors and noise 25 

present at every step of signal transmission. These sources include errors in the presynaptic 26 

inputs to the neurons, noise in synaptic transmission, and fluctuations in the neurons’ 27 

postsynaptic potentials. Collectively they lead to errors in the neurons’ outputs which are, in turn, 28 

injected into the network. Does unreliable network activity hinder fundamental functions of the 29 

brain, such as learning and memory retrieval? To explore this question, this article examines the 30 

effects of errors and noise on the properties of model networks of inhibitory and excitatory 31 

neurons involved in associative sequence learning. The associative learning problem is solved 32 

analytically and numerically, and it is also shown how memory sequences can be loaded into the 33 

network with a biologically more plausible perceptron-type learning rule. Interestingly, the 34 

results reveal that errors and noise during learning increase the probability of memory recall. 35 

There is a tradeoff between the capacity and reliability of stored memories, and, noise during 36 

learning is required for optimal retrieval of stored information. What is more, networks loaded 37 

with associative memories to capacity display many structural and dynamical features observed 38 

in local cortical circuits in mammals. Based on the similarities between the associative and 39 

cortical networks, this article predicts that connections originating from more unreliable neurons 40 

or neuron classes in the cortex are more likely to be depressed or eliminated during learning, 41 

while connections onto noisier neurons or neuron classes have lower probabilities and higher 42 

weights. 43 

 44 

SIGNIFICANCE STATEMENT 45 

Signal transmission in the brain is accompanied by many sources of errors and noise, and yet, 46 

neural networks can reliably store memories. This article argues that noise should not be viewed 47 

as a nuisance, but that it is an essential component of the reliable learning mechanism 48 

implemented by the brain. The article describes a network model of associative sequence 49 

learning, showing that for optimal retrieval of stored information learning must be carried out in 50 

the presence of noise. To validate the model, it is shown that associative memories can be loaded 51 
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into the network with an online perceptron-type learning rule and that networks loaded to 52 

capacity develop many structural and dynamical properties observed in the brain.   53 
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INTRODUCTION  54 

Brain networks can reliably store and retrieve long-term memories despite the facts that various 55 

sources of errors and noise accompany every step of signal transmission through the network 56 

(Faisal et al., 2008), synaptic connectivity changes over time (Trachtenberg et al., 2002; 57 

Holtmaat and Svoboda, 2009; Gala et al., 2017), and extraneous sensory inputs are usually 58 

present during memory recall. The brain can reduce the effects of noise and extraneous inputs by 59 

attending to the memory retrieval process (Cohen and Maunsell, 2009; Mitchell et al., 2009), but 60 

such hindrances cannot be eliminated entirely. Therefore, the reliability required for memory 61 

retrieval must be built into the network during learning. This proposal presents an interesting 62 

challenge. Traditional supervised learning models, such as the ones that rely on the perceptron 63 

rule (Minsky and Papert, 1969; Hertz et al., 1991), modify connectivity only when a neuron’s 64 

output deviates from its target output. Thus, in such models learning stops as soon as the neuron 65 

produces the desired response and, subsequently, there is no possibility for improving the 66 

response reliability. The network connection weights in such models may end up near the 67 

boundary of the solution region, and a small amount of noise during memory retrieval can lead to 68 

errors or completely disrupt the retrieval process. More reliable solutions are located farther 69 

away from the solution region boundary, but the perceptron rule is not guaranteed to find them. 70 

Thus, it is not clear how the neural networks in the brain manage not only to learn but also to do 71 

it reliably. 72 

In the case of associative memory storage, reliability can be incorporated into the perceptron 73 

learning rule by means of a generic robustness parameter [see e.g. (Brunel et al., 2004)]. This 74 

traditional description, however, is not biologically motivated and does not account for various 75 

types of errors and noise present during learning and memory retrieval (Figure 1A). A more 76 

comprehensive account must include errors in the inputs to the neurons, combine them with 77 

fluctuations in the neurons’ presynaptic connection weights and intrinsic sources of noise, and 78 

produce spiking errors in the neurons’ outputs. The latter, injected back into the network, give 79 

rise to input errors in the next time step. The recurrence of errors presents a clear challenge for 80 

the retrieval of associative memory sequences considered in this study. If not corrected at every 81 

step of the retrieval process, errors in the network activity can amplify over time and lead to an 82 
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irreversible deviation of the retrieved trajectory from the loaded sequence, i.e. a partially 83 

retrieved memory.  84 

The premise of this article is that errors and noise are essential components of the reliable 85 

learning mechanism implemented in the brain. As different fluctuations accompany the 86 

presentation of the same learning example to a neuron on different trials, the neuron in effect 87 

never stops learning. Its connection weights move further away from the solution region 88 

boundary every time a progressively larger fluctuation is encountered. This process increases the 89 

reliability of the loaded memory which can later be retrieved in the presence of noise. Similar 90 

ideas have been successfully used in machine learning where an augmentation of training 91 

examples with noise (Bishop, 1995) and dropping out neurons and connections (Srivastava et al., 92 

2014) during training have been shown to significantly reduce both overfitting and training time. 93 

And, there are many other examples in which noise is put to a constructive use to improve 94 

various functions of physical and neural systems [for reviews see (Gammaitoni et al., 1998; Stein 95 

et al., 2005; McDonnell and Abbott, 2009; McDonnell and Ward, 2011)]. Therefore, the 96 

hypothesis that errors and noise are exploited by the brain for reliable memory storage may not 97 

be entirely surprising. Still, this hypothesis requires careful quantitative evaluation and validation 98 

with experimental data, which is the focus of this study. 99 

 100 

MATERIALS AND METHODS 101 

Network model of associative memory storage in the presence of errors and noise 102 

We considered a model of associative sequence learning by a local (~100 μm in size), all-to-all 103 

potentially (structurally) connected (Stepanyants and Chklovskii, 2005; Stepanyants et al., 2008) 104 

cortical network, albeit with no synaptic input originating from outside the circuit. The model 105 

network consisted of Ninh inhibitory and (N − Ninh) excitatory McCulloch and Pitts neurons 106 

(McCulloch and Pitts, 1943) (Figure 1A) and was faced with a task of learning a sequence of 107 

consecutive network states, 1 2 1... mX X X , in which X  is a binary vector representing 108 

target activities of all neurons at a time step μ, and the ratio m/N is referred to as the memory 109 

load. Some assumptions and approximations of the model are discussed in (Chapeton et al., 110 



 

6 
 

2012). During learning, individual neurons had to independently learn to associate the inputs 111 

they received from the network with the corresponding target outputs derived from the 112 

associative memory sequence. The neurons learned these input-output associations by adjusting 113 

the weights of their input connections, ijJ  (weight of connection from neuron j to neuron i). In 114 

contrast to previous studies, we accounted for the fact that learning in the brain is accompanied 115 

by several sources of errors and noise. Within the model, these sources are divided into three 116 

categories (orange lightning signs in Figure 1A): (1) input spiking errors, or errors in X , (2) 117 

synaptic noise, or noise in ijJ , and (3) intrinsic noise, which combines all other sources of noise 118 

affecting the neurons’ postsynaptic potentials. The last category includes background synaptic 119 

activity and the stochasticity of ion channels. In the model, this category is equivalent to noise in 120 

the neurons’ thresholds of firing, hi (for neuron i). In the following, asterisks are used to denote 121 

quantities containing errors or noise (e.g. *X ), whereas symbols without asterisks represent the 122 

mean (for hi and Jij) or target (for X ) values. The three types of errors and noise collectively 123 

corrupt the neurons’ outputs, * 1 * * *

1

N

i ij j i
j

X J X h , making them different from the target 124 

outputs, 1
iX . Here, θ denotes the Heaviside step-function. As the probability of action 125 

potential failure in neocortical axons is small (Cox et al., 2000), we assumed that no additional 126 

errors affect the neurons’ outputs before they become inputs for the next time step.  127 

The target neuron activities (e.g. binary scalar iX ) were independently drawn from neuron-128 

dependent Bernoulli probability distributions: 0 with probability 1 – fi and 1 with probability fi. 129 

Spiking errors in neuron activity states were introduced with the Bernoulli trials by making 130 

independent and random 1 to 0 changes with probabilities * 0 | 1i i iP X X p  for spike 131 

failures and 0 to 1 changes with probabilities * 1| 0i i iP X X p  for erroneous spikes. 132 

Without loss of generality, we assumed that these two types of spiking errors are balanced, 133 

1i i i if p f p , and do not affect the neuron’s firing probability, fi. This relation allowed us to 134 

describe both types of spiking errors in terms of the neuron’s overall spiking error probability, 135 

1i i i i ir f p f p , i.e. 
2 1

i
i

i

rp
f

 and 
2

i
i

i

rp
f

. 136 
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To describe synaptic noise, we followed the basic model of quantal synaptic transmission (Del 137 

Castillo and Katz, 1954) and assumed that the variance of a given connection weight, *
ijJ , is 138 

proportional to its mean, ,*var i syn i
ij ij

h
J J

N
. The dimensionless coefficient βsyn, i is referred to 139 

as the synaptic noise strength of neuron i, and the factor of hi /N was introduced for convenience. 140 

We assumed that the intrinsic noise is Gaussian distributed across trials with the mean *
i ih h  141 

and variance 
2 2

,*var i int i
i

h
h

N
. Here, ,int i  is a dimensionless coefficient called the intrinsic 142 

noise strength of neuron i, and, as before, a factor of 2 /ih N  was introduced for convenience.  143 

Similar to (Chapeton et al., 2015), two biologically inspired constraints were imposed on the 144 

learning process. First, the l1-norm of input connection weights of each neuron was fixed during 145 

learning, 
1

1 N

ij i
j

J w
N

. Here, parameter wi is referred to as the average absolute connection 146 

weight of neuron i. Second, the signs of output connection weights of every neuron (inhibitory or 147 

excitatory) were fixed during learning, 0ij jJ g . In these N2 inequalities, parameter 1jg  if 148 

neuron j is excitatory and –1 if it is inhibitory. Biological motivations for these constraints were 149 

previously discussed (Chapeton et al., 2015). 150 

Individual neurons (e.g. neuron i) learned independently to associate noisy inputs they received 151 

from the network, *X , with the corresponding target outputs (not corrupted by noise) derived 152 

from the associative memory sequence, 1
iX . Neuron i is said to have learned the presented set 153 

of associations successfully if, in the presence of input spiking errors, synaptic and intrinsic noise, 154 

the fractions of its erroneous and failed spikes do not exceed its assigned spiking error 155 

probabilities, ip  and ip  (Figure 1B). The above-described model for neuron i can be 156 

summarized as follows: 157 
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* * * 1

1

* * * 1

1

* *

,* *

*

0 1 ; 1, , , , 1, ,
2

1 0
2 1

0 1 ; 1 0 ; 1
2 2 1

; var

N
i

ij j i i
j i

N
i

ij j i i
j i

i i
i i i i i i

i i

i syn i
ij ij ij ij

i i

rP J X h X m i j N
f

rP J X h X
f

r rP X X P X X P X f
f f
h

J J J J
N

h h

m i j N, , , 1, ,, ,, , ,, ,

2 2
,*

1

; var

1

0

i int i
i

N

ij i
j

ij j

h
h

N

J w
N
J g

 (1) 158

We note that, depending on the loaded associative memory sequence, Eqs. (1) may have multiple 159

solutions if the learning problem faced by the neuron is feasible or no solution if the problem is 160

not feasible. The neuron’s success probability in learning associative sequences of a given length 161

is defined as the average of such binary outcomes (Figure 1C). It is a decreasing function of the 162

memory load and levels of errors and noise.  163

At the network level, the described associative memory storage model is governed by the 164

network-related parameters N and {gi}, the memory load m/N, and the neuron-related parameters 165

{hi}, {wi}, if , ir , ,syn i , and ,int i . The task is to find connection weights, ijJ , that 166

satisfy the requirements of Eqs. (1) for all neurons. In the following, we examine the properties 167

of associative networks composed of inhibitory and excitatory neurons governed by identical 168

( ih h , iw w , if f , ir r , ,int i int , and ,syn i syn ) and distributed neuron-related 169

parameters. We refer to these networks as homogeneous and heterogeneous.  170

171

Single-neuron model of associative memory storage in the presence of errors and noise 172
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Each neuron in the network (e.g. neuron i) receives Ninh inhibitory and (N − Ninh) excitatory input 173

connections (Figure 1A) and independently from other neurons attempts to solve the problem 174

outlined by Eqs. (1). This single-neuron learning problem was solved with the replica method in 175

the limit of infinite network size (Edwards and Anderson, 1975; Sherrington and Kirkpatrick, 176

1975) and numerically with nonlinear optimization and perceptron-type learning rule for large 177

but finite networks. In contrast to previous studies [see e.g. (Gardner, 1988; Gardner and Derrida, 178

1988; Brunel et al., 2004; Chapeton et al., 2012; Chapeton et al., 2015; Brunel, 2016; Rubin et al., 179

2017; Zhang et al., 2019b)], the solution explicitly accounts for several distinct sources of errors 180

and noise present during learning and incorporates two biologically inspired constraints on 181

connectivity. 182

To simplify the notation in this single-neuron learning problem, in the following, we redefine the 183

variables related to the neuron’s output, 1
iX  with y , if  with outf , ir  with outr , and drop index 184

i. The model is then summarized like so:  185

* * * *

1

* *

* *

* *

2 2
* *

1

; 1, , , 1, ,

0 | 1 ; 1| 0 ; 1
2 2 1

0 | 1 ; 1| 0 ; 1
2 2 1

; var

; var

1

N

j j
j

j j
j j j j j j

j j

out out
out

out out

syn
j j j j

int

N

j
j

J X h y m j N

r r
P X X P X X P X f

f f

r rP y y P y y P y f
f f
h

J J J J
N

hh h h
N

J
N

m j N, , 1, ,,

0j j

w

J g

 (2) 186

Learning in the model is accompanied by four types of errors and noise. These include 187

presynaptic and output spiking errors, or errors in X  and y , synaptic noise, or noise in J, and 188

intrinsic noise, or noise in the neuron’s threshold of firing, h. As before, we use asterisks to 189

denote quantities containing errors or noise (e.g. *X ), whereas variables without asterisks 190
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represent the mean (for h and Jj) or target (for X  and y ) values. The neuron is faced with the 191 

task of finding connection weights, jJ , that satisfy Eqs. (2) for a given set of model 192 

parameters: , , , , , , , , , ,j j out j out syn intN m N h w g f f r r .  193 

 194 

Reformulation of the model in the large N limit 195 

In the limit of large N, the Central Limit Theorem ensures that the neuron’s postsynaptic 196 

potential (PSP), * *

1

N

j j
j

J X , is Gaussian distributed at every time step. Therefore, the deviation of 197 

PSP from the threshold of firing, * * * *

1

N

j j
j

I J X h , is also Gaussian distributed with the mean 198 

and standard deviation given by the following expressions:  199 

 

1

2 2

1

2 2

1

1
1

2 2 1

1
1 1

2 2 2 1 2 1

1
1

2 2 1

N
j jj

j j
j j j

N
j jj j j j

j
j j j j j

N
j jsyn j int

j j j
j j j

r Xr
I J X h

f f

r Xr r X r
J

f f f f

r Xh r hJ g X
N f Nf

 (3) 200 

As a result, the inequality constraints on the probabilities of output spiking errors [line three in 201 

Eqs. (2)] can be expressed in terms of I  and :  202 

 

1

1

2erf 1 , 1

2erf 1 , 0
1

out

out

out

out

rI y
f

rI y
f

 (4) 203 

The above two inequalities can be combined into a single expression that must hold for a 204 

successfully learned association μ: 205 
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1 12 1 2 erf 1 erf 1 1
1

out out

out out

r ry I y y
f f

 (5) 206

207

Additional assumptions required for the replica calculation 208

Following the procedure outlined in (Zhang et al., 2019b), we assumed that the model 209

parameters , , , , , ,j out j out syn intm N f f r r  are intensive, or of order 1 in N. Also, we assumed 210

that the connection weights are inversely proportional to the system size, j j
hJ J
N jJ jJ , and refer 211

to jJ jJ j  as scaled connection weights. This particular scaling is traditionally used in associative 212

memory models (Brunel et al., 2004), and it has been shown that in the biologically plausible 213

high-weight regime, Nwf h , many model results become independent of this assumption 214

(Zhang et al., 2019b). It follows from the sixth line of Eqs. (2) that hw w
N

w , and we refer to ww  215

as scaled average absolute connection weight. 216

The model, rewritten in terms of the scaled variables, contains one equality and m + N inequality 217

constraints: 218

1 1

1

2

11 22 1 1 1 erf 1 erf 1 1
2 12 1

11 1 1
2 2 2 1 2 1

N
j jj out out

j j
j j out outj

j jj j j j
j syn

j j j j

r Xr r ry J X y y
N f N f ff

r Xr r X r
J

N f f f f

1111111

2
jJ j

r X1r X rr j jrj j1j jr Xj jj r X11r X rrjr j1
rjrr j j1 j11 jjrj1 111 11

1
2

2

1

1

1
1 ; 1, ,

2 2 1

1

0; 1, ,

1 ; 1

N
j jj

j j j int
j j j

N

j j
j

j j

j j out

r Xr
J g X m

f f

J g w
N

J g j N

P X f P y f

m,

J g wj j ww

0J g 0j j 0; N,

219

(6) 220
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In the following, we only consider the output spiking error probabilities in the ranges out outp f  221

and 1out outp f , which is equivalent to 2 1out out outr f f . This is required for the stability of 222

the replica solution.223

224

Replica theory solution of the model225

We begin by calculating the volume of the connection weight space, ,X y , in which Eqs. 226

(6) hold for a given set of associations, ,X y : 227

11 1 1

1 1

1

2

1, 2 1

11 21 1 erf 1 erf 1 1
2 12 1

1 1
2

N N mN

j j j j j
jj j

N
j jj out out

j j
j j out outj

j
j

X y dJ J g J g w y
N

r Xr r rJ X y y
N f N f ff

r
J

N

N m11 N11111111 222

J 11J jJ j 111

2J jrjr
1 jjrj1 jJJ 11jJ jjJ j 11

1
2

2

1

1 1
1 1

2 22 1 2 1 2 1

N
j j j jj j j j

syn j j j int
j j j jj j j

r X r Xr X r r
J g X

f f ff f f
11111111111

228

(7) 229

The typical volume of this solution space, typical , is defined through the averaging of 230

ln ,X y  over the set of associations ,X y , and is calculated by introducing n 231

replica systems: 232

,

0,

, 1
ln ln , lim

n

X y

typical nX y

X y
X y

n
 (8) 233
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The quantity 
,

,
n

X y
X y can be rewritten as a single multidimensional integral and 234

calculated by following a previously established procedure (Zhang et al., 2019b). Below, we 235

only provide the main steps of this calculation. Additional details can be found in (Zhang et al., 236

2020).  237

2

2

2

2

1

ln 2 , , , , , ,
2

, , ln erfc (1 )ln erfc ln 2

1, , , , l

out out
typical E S

x

E out out

xN

S
j

D D
N z w t t t G u u G t z

u u

e u x u xG u u dx f f

eG t z dx
N

2

2

2 2

2

2

1

2 2
n erfc

2 2

1 ; 1 1 ; 2erf 1
14 1 2 1

j j syn j j

j j

int

zg f t f x C

C B
j j syn j jt

j j j j

j j out
j j j j j out

outj j j j

zg f t f x Cee
C t B t C B

r r rB r C f f D
ff f f f

1; 2erf 1 out
out

out

rD
f

238

(9) 239

The nine latent variables, u+, u-, κ, ε, η, t, τ, z, and δ are defined by the position of the maximum 240
of ln typical . They can be obtained by solving the following system of nine equations.  241

2 2

3 3

2 2

2 2

, , , ,
0; 0

, ,
0; 0

2 2

, , , , , , , , 2
0;

2

out out out outE E

out out out outE

outS S

D D D DG u u G u u
t t

u uu u u u

D D D DG u u
t t t

u u u u

DG t z G t z z w
w t

t t
w

0;w t 00;0;w t 0;
2

2

2

2

0
2

, , , , , , , , , , , ,
0; 2 0; 0

2
0; 0; 0

out

out outS S S

D

u u

D DG t z G t z G t z
t t t

z u u
u u

 (10) 242

The three inequality constraints in the last line of Eqs. (10) ensure that the solution is physical.  243

244
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Replica theory solution at critical capacity  245

With an increasing number of associations m, typical  shrinks and approaches zero at the 246

maximum (critical) capacity of the neuron, c
c

m
N

. In this limit, 0q q  goes to zero and Eqs. 247

(10) can be expanded asymptotically in terms of 1/ and 1/ . After replacing t  with y , 248

/  with x, and eliminating variables, , t , , , and , we arrived at the final system of six 249

equations and one inequality. This system contains six latent variables u , x , , y , and z  250

which determine the critical capacity of the neuron, c :  251

2

1

1

2

2

(1 ) 0

4 (1 )
(1 )

21 2
2

21 2
2

1
2

out out

out out

out outout out

N
j j j syn j

j j j j

N
j j j j j syn j

j j j j

j j

j j

f F u f F u

u u f E u f E u
x

f F u f F uD D

C zf g y f
F wy

N C x B C

f g C zf g y f
F y

N C x B C

C B u u
N C x B

wy

2 2
2

1

2

1

2

2
2

2

21 2 4 4
2

0

(1 )

N
j j syn j

j int
j jout out

N
syn j j j j syn j

int
j j j j

out out
c

out

zf g y f
C D y yw yz

CD D

f C zf g y f
F w z y

N C x B C

u u

f D u f D u
x

f E

yz2wwww

w 4 4w z4 444

2

2 2
1

21
2(1 )

N
j j j syn j

j jout j j

C zf g y f
D

N Cu f E u C x B

(11) 252

Functions E, F, and D, in Eqs. (11) are defined as follows:  253
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2

1 1 erf
2
1 1 erfx

E x x

F x e x x

D x xF x E x

 (12) 254

We note that Eqs. (11) contain as a limiting case the solution described in (Brunel et al., 2004), 255

where a simplified version of the model presented here was solved by minimizing the probability 256

of output spiking errors for a given intrinsic noise strength. Eqs. (11) expand that result to 257

account for additional features such as the homeostatic constraint, learning by inhibitory inputs, 258

heterogeneity of inputs, synaptic noise, input and output spiking errors. 259

260

Distribution of input weights at critical capacity 261

Connection probabilities, Pcon, probability densities of non-zero input weights, pPSP, and average 262

weights of these inputs, JJ , at critical capacity were calculated as previously described (Zhang 263

et al., 2019b). The result depends on the latent variables of Eqs. (11):  264

2
2

2 2

1

2
2

2
2

2

2

2

j j syn j
j

j j

j j syn jcon
j

j

zf g y fJ g
w CjPSP

j

j j syn j
j

j

con
j

j j j con
j

j
j

j j

zf g y f
P E

C

g J
p J e

zf g y f
wE

C

F E P
J g w

P

C

wy C x B

J 22JJ 22
J

J

wE

J gj j j c
w

wy C x Bj

 (13) 265
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A given input, j, has a non-infinitesimal probability of having a connection weight of zero, while 266

its probability density for non-zero connection weights is a truncated Gaussian with a mean jJ jJ j  267

and standard deviation j ww .  268

Eqs. (11, 13) were solved in MATLAB to produce the results for heterogeneous networks 269

consisting of inhibitory and excitatory neurons with distributed spiking error probabilities 270

(Figures 7A-C) and distributed intrinsic and synaptic noise strengths (Figures 7D-F). The code is 271

available at (Zhang et al., 2019a). In both cases, the remaining model parameters were the same 272

for all input connections (e.g. if f ). In this case, the solutions of Eqs. (11, 13) depend on int  273

and syn  only in a combination 2
int synw fw fsynw , referred to as the postsynaptic noise strength.  274

275

The solution in the case of two homogeneous classes of inputs 276

In this case, all inputs have the same firing probability, fin, and the same spiking error probability, 277

rin. Eqs. (11, 13) simplify significantly after the introduction of two new variables, 278

2
2

in syn in

in

zf y f
v

C
: 279
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(14) 281

The intrinsic and synaptic noises in Eqs. (14) are entirely contained within the parameter , 282

while the spiking error probabilities rin and rout appear only in the parameters ξ and ζ:  283
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 (15) 284

We note that in the absence of spiking errors in the input (rin = 0), Eqs. (14) are similar in 285

structure to the solution of a traditional model considered by Zhang et al. (Zhang et al., 2019b), 286

Figure 1D. That model did not explicitly consider different sources of errors and noise, but 287
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instead used a generic robustness parameter κ, or a rescaled robustness parameter 288

1w Nf f
, to ensure that memories are recalled reliably in the case when only intrinsic 289

noise is present. Solutions to both models become identical when 0inr  and . Therefore, 290

Eqs. (15) explain the nature of parameters κ and ρ, relating them to the output error probability, 291

intrinsic and synaptic noise strengths: 292

2 1 1
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 (16) 293

Numerical solution of Eqs. (14, 15) shows that the critical capacity (Figure 1) and probabilities 294

of inhibitory and excitatory connections decrease with βint, βsyn, and rin, and increase with rout. 295

This is consistent with the results of (Brunel et al., 2004; Zhang et al., 2019b) showing that the 296

critical capacity and connection probabilities are decreasing functions of ρ. The averages and 297

standard deviations of inhibitory and excitatory connection weight magnitudes exhibit an 298

opposite dependence on errors and noise, which is also consistent with the results of these studies. 299

For homogeneous associative networks, we set rin = rout ≡ r and fin = fout ≡ f in Eqs. (14, 15) as 300

these parameters must be the same for all neurons in the network. This does not alter the trend of 301

the results related to β, but the dependence on r becomes more complex (see e.g. Figure 1F). 302

Figures 2-6 show the results for homogeneous networks as functions of β and r.  303

The average weights of non-zero inhibitory and excitatory connections are uniquely determined 304

by ww , /
con

inh excP , / /inh excN N , and fin [last line of Eqs. (14)]. This result is obtained from the 305

functional form of the input weight distribution, but it also follows from the fact that the input 306

connection weights are homeostatically constrained [second line of Eqs. (6)] and, at critical 307

capacity, the neuron operates in a balanced regime in which inhibitory and excitatory currents 308

are anti-correlated and largely cancel each other out (Rubin et al., 2017). Experimentally, it has 309

been shown that inhibitory postsynaptic currents are larger in magnitude than excitatory (Atallah 310

and Scanziani, 2009; Salkoff et al., 2015; Feng et al., 2019). Though Eqs. (14) derived in the N 311
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→ ∞ limit yield a small positive or zero average postsynaptic input (high-weight regime), 312

associative networks of finite-size loaded with memories to capacity show a trend consistent 313

with the experimental measurements (Zhang et al., 2019b).   314

315

Numerical solution of the model with nonlinear optimization 316

For a finite number of inputs, the solution to the problem outlined in Eqs. (6) was obtained 317

numerically. To that end, we made the problem feasible by introducing a slack variable 0s  318

for every association and chose the solution that minimizes the sum of these variables:         319
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(17) 321

Eqs. (17) were solved by using the fmincon function of MATLAB and the results are shown in 322

Figures 2, 3, 5, and 6. The fmincon function utilizes the interior-point technique for finding 323

solutions to constrained nonlinear optimization problems (Byrd et al., 1999; Byrd et al., 2000). 324

The code is available at (Zhang et al., 2019a). 325

326

Numerical solution of the model with a perceptron-type learning rule 327
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In addition to the replica and nonlinear optimization solutions, a biologically more plausible 328

online solution of Eqs. (17) was devised by approximately stepping in the direction of the 329

negative gradient of the sum of the slack variables. The latter is:  330
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(18) 331

The first approximation to this gradient was made by omitting the second term in the r.h.s. of Eq. 332

(18). This was done because this term is smaller than the first term (for large enough N) and 333

because there is no clear way of calculating it in an online, biologically plausible manner. The 334

second approximation was made by noting that 
1

1
2 2 1

j jj
j

j j

r Xr
X

f f
 in the first term in 335

the r.h.s. of Eq. (18) is the average of *
jX  over the spiking errors, and therefore, a stochastic 336

estimate of this gradient direction can be made in an online manner with a perceptron-type 337

learning step *2 1 jy X  (Rosenblatt, 1962). These approximations lead to the learning rule of 338

Eqs. (22). Related rules, in the absence of errors, noise, or l1-norm constraint, were previously 339

described (Brunel et al., 2004; Zhang et al., 2019b).  340

In numerical simulations, we trained neurons on associations presented in the order of their 341

appearance in the associative sequence, one at a time. This constitutes one learning epoch. We 342

set the learning rate γ = 0.1 and ran the algorithm until a solution was found or the maximum 343

number of 106 epochs was reached. The results of this procedure are shown in Figure 6. 344

345

Mutual information contained in retrieved associative sequences  346
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The mutual information contained in one successfully retrieved association 1X X  can 347 

be calculated as a difference of marginal and conditional entropies,  348 

 1 1 1; |I X X H X H X X  (19) 349 

For homogeneous networks loaded with associations consisting of random and independent 350 

network states, the two entropies reduce to: 351 
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r r r rf
f f f f

 (20) 352 

As the length of a retrieved sequence may be shorter than the length of the loaded sequence, m, 353 

we considered two types of retrieved information. One type is defined as the expected retrieved 354 

information per memory playout in which contributions of partially retrieved sequences are set to 355 

zero. This information is based on completely retrieved sequences only and is equal to the 356 

product of the retrieval probability (Figure 2C) and mI. The other type of retrieved information is 357 

calculated based on completely and partially retrieved sequences and is equal to the product of 358 

the average retrieved sequence length and I. According to these definitions, the former is always 359 

less or equal to the latter. 360 

 361 

Dataset of connection probabilities and strengths in local brain circuits in mammals 362 

To compare connection probabilities and widths of non-zero connection weight distributions in 363 

associative networks with those reported experimentally, we used the dataset published in 364 

(Zhang et al., 2019b). This dataset includes measurements reported in peer-reviewed publications 365 

since 1990 in which at least 10 pairs of neurons separated laterally by <100 μm were recorded 366 
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from the same layer of the mammalian neocortex in juvenile or adult animals of either sex. The 367 

dataset includes 87 publications describing 420 local projections. 368 

 369 

RESULTS 370 

Network model of associative memory storage in the presence of errors and noise 371 

We examined a model network consisting of Ninh inhibitory and (N − Ninh) excitatory McCulloch 372 

and Pitts neurons (McCulloch and Pitts, 1943) (Figure 1A) involved in associative learning. The 373 

model is described in detail in Materials and Methods, and in this sub-section we only mention 374 

its main features. The network was designed to model a local cortical circuit (~100 μm in size) of 375 

all-to-all potentially (structurally) connected neurons (Stepanyants and Chklovskii, 2005; 376 

Stepanyants et al., 2008). The network was presented with a task of learning a sequence of 377 

consecutive network states, 1 2 1... mX X X , in which X  is a binary vector representing 378 

target activities of all neurons at a time step μ, and the ratio m/N is referred to as the memory 379 

load. Network activity in the model was accompanied by several sources of errors and noise 380 

(orange lightning signs in Figure 1A), including (1) input spiking errors, or errors in X , (2) 381 

synaptic noise, or noise in connection weights, Jij (weight of connection from neuron j to neuron 382 

i), and (3) intrinsic noise, which combines all other sources of noise affecting the neurons’ 383 

postsynaptic potentials. The last category includes background synaptic activity and the 384 

stochasticity of ion channels and in the model is equivalent to noise in the neurons’ firing 385 

thresholds, hi. The three types of errors and noise collectively corrupt the neurons’ outputs 386 

making them different from the target outputs. The strengths of these errors and noise in the 387 

model are governed by parameters ri, βsyn, i, and βint, i. respectively.  388 

Individual neurons in the model learned independently to associate noisy inputs they received 389 

from the network, *X , with the corresponding target outputs (not corrupted by noise) derived 390 

from the associative memory sequence, 1
iX . The neurons learned such input-output 391 

associations by adjusting the weights of their input connections, ijJ , in the presence of two 392 

biologically inspired constraints (Chapeton et al., 2015). First, the average absolute weight of 393 
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input connections of each neuron was kept constant, wi. Second, the output connection weights 394 

of neurons (inhibitory or excitatory) did not change signs during learning.  395 

The described associative network model is summarized by Eqs. (1). It is governed by the 396 

network-related parameters N and Ninh/N, the memory load m/N, and the neuron-related 397 

parameters {hi}, {wi}, if , ir , ,syn i , and ,int i . In the following, we examine the 398 

properties of associative networks with identical and distributed neuron-related parameters. 399 

These networks are referred to as homogeneous and heterogeneous.  400 

 401 

Solutions of the model  402 

Eqs. (1) were solved with the replica method, nonlinear optimization, and a perceptron-type 403 

learning rule (see Materials and Methods). Each of these methods has its advantages and 404 

drawbacks, and, consequently, all three methods were used in this study. The replica method 405 

(Edwards and Anderson, 1975; Sherrington and Kirkpatrick, 1975) provides an analytical 406 

solution in the N → ∞ limit. Though neuron networks in the brain are finite, they are thought to 407 

be large enough to have many properties that are well described by this limit (Zhang et al., 408 

2019b). More importantly, the analytical solution of the replica method reveals the dependence 409 

of the results on combinations of network parameters that can be then explored with other 410 

methods. The downside of the replica solution is that it does not provide the full connectivity 411 

matrix, Jij, but instead gives the connectivity statistics that is insufficient to calculate all relevant 412 

network properties. Nonlinear optimization can be used to solve Eqs. (1). This method is fast and 413 

accurate for small networks, yielding the full connectivity matrix, but is impractical for large 414 

networks (N ~ 1,000). As the replica and nonlinear optimization solutions cannot be readily 415 

implemented by neural networks in the brain, we also developed a biologically more plausible 416 

perceptron-type learning rule that can be used to approximate the solution of Eqs. (1). Because 417 

simulations based on the perceptron-type learning rule become time-consuming at or near 418 

memory storage capacity as the solution region shrinks to a point, results for varying levels of 419 

errors and noise were obtained with the replica and nonlinear optimization methods, while the 420 
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perceptron-type learning rule was used only for a biologically plausible set of parameters in 421 

order to confirm that all three methods lead to similar results. 422 

In the N → ∞ limit, the associative memory storage problem for a neuron loaded to capacity was 423 

solved with the replica method. This solution for a neuron in a homogeneous network depends 424 

on the following combination of the intrinsic and synaptic noise strengths (see Materials and 425 

Methods): 426 

 2
int syn

wfN
h

 (21) 427 

This quantity is referred to as the postsynaptic noise strength. In the following, we assume that 428 

the postsynaptic noise strength, β, and the spiking error probability, r, can differ between the 429 

times of learning and memory retrieval and add subscripts “learn” and “retr” to these parameters 430 

to distinguish among the two phases.  431 

Figure 1C shows that when the memory load is relatively low, the probability of successful 432 

learning by a neuron is close to 1. With increasing load, the learning problem becomes more 433 

difficult, and the success probability undergoes a smooth transition from 1 to 0. Memory load 434 

corresponding to the success probability of 0.5 is referred to as the neuron’s associative memory 435 

storage capacity, α. With increasing network size, N, the transition from successful learning to 436 

inability to accurately learn the complete memory sequence becomes sharper, and the neuron’s 437 

capacity monotonically approaches its N → ∞ limit, which is referred to as the critical capacity, 438 

αc. The critical capacity depends on the levels of errors and noise accompanying learning and 439 

other parameters of the model. Figures 1D-F illustrate the dependence of αc on the input and 440 

output spiking error probabilities and postsynaptic noise strength. As expected, because input 441 

spiking errors, intrinsic, and synaptic noise, make the learning problem more challenging, αc is a 442 

decreasing function of rin (Figure 1D, E) and βlearn (Figure 1D, F). On the other hand, the 443 

learning problem becomes simpler with increasing rout as more output errors are tolerated, and αc 444 

is an increasing function of rout (Figure 1E). For a neuron in a recurrent homogeneous network, 445 

the dependence of αc on spiking errors is more complex as rin = rout ≡ rlearn, and both the input 446 

and output spiking errors of the neuron are controlled by the same parameter (Figure 1F).  447 
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 448 

The tradeoff between capacity and reliability of loaded memories  449 

Can memories, loaded into individual neurons, be successfully recalled at the network level? To 450 

answer this question, we loaded neurons in the network to capacity with associations derived 451 

from a single associative sequence by solving Eqs. (1). The postsynaptic noise and spiking errors 452 

during learning were set at the levels βlearn and rlearn described by the green asterisk in Figure 1F. 453 

During memory retrieval, the network was initialized at the beginning of the loaded sequence, 454 
1X , and no additional spiking errors, beyond those produced by the network at subsequent steps, 455 

were added as the memory played out. At each step of memory playout, synaptic and intrinsic 456 

noise were added independently to every connection and every neuron in the network at 457 

strengths governed by βretr.  458 

The sequence is said to be retrieved completely if the network states during the retrieval do not 459 

deviate substantially from the target states. Otherwise, the sequence is said to be retrieved 460 

partially, and the retrieved sequence length is defined by the number of steps taken to the point 461 

where the network states begin to deviate substantially from the target states (Figure 2A). In 462 

practice, there is no need to precisely define the threshold amount of deviation. This is because 463 

for large networks the fraction of errors in a retrieved network state either fluctuates around 464 

1 /learn learn learnr r r N  (mean ± SD) or diverges to 465 

2 1 2 1 1 2 1 /f f f f f f N  (expected fraction of differences between two 466 

random network states of firing probability f), which is significantly greater for the chosen values 467 

of parameters rlearn and f. Figure 2B shows the probability of retrieving a complete loaded 468 

sequence and the fraction of retrieved sequence length for different values of βlearn. It illustrates 469 

that memory sequences can be reliably retrieved if they were loaded with the postsynaptic noise 470 

strength that is slightly higher than that present during memory retrieval. Likewise, the averaged 471 

retrieved sequence length fraction increases with βlearn and approaches one as βlearn exceeds the 472 

noise strength present during retrieval. A similar conclusion can be drawn from Figure 2C which 473 

shows the map of the retrieval probability as a function of βlearn and rlearn. Errors and noise during 474 

learning make memory retrieval more reliable. However, the reliability of loaded memories 475 
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comes at the expense of the memory storage capacity, α. Figure 2D shows the tradeoff between 476 

the retrieval probability and capacity of loaded associative memories in which higher levels of 477 

errors and noise during learning enable reliable memory retrieval but reduce α.  478 

 479 

Noise during learning is required for optimal retrieval of stored information 480 

Figures 3A, B show the maps of expected retrieved information per sequence playout calculated 481 

in two different ways. In the first calculation, the contribution of partially retrieved sequences to 482 

the expected retrieved information was set to zero, while in the second, partially retrieved 483 

sequences contributed in the proportion of the retrieved sequence length (see Materials and 484 

Methods). Both maps illustrate that optimal retrieval of stored information is achieved when 485 

memories are stored in the presence of noise, βlearn > 0. This conclusion is independent of the 486 

postsynaptic noise strength during memory retrieval, which was set to βretr = 30 in Figures 3A, B. 487 

To illustrate this finding, we averaged the maps over the rlearn dimension and determined βlearn 488 

that correspond to the maxima of the retrieved information. Figure 3C illustrates the results of 489 

this procedure for different values of βretr, showing that the optimal βlearn is greater than zero 490 

even when there is no noise during memory retrieval. The optimal βlearn increases with βretr, and 491 

the two noise strengths become approximately equal in the high noise limit.  492 

 493 

Neuron-to-neuron connectivity in associative networks of homogeneous inhibitory and 494 

excitatory neurons 495 

One of the most salient features of sign-constrained associative learning models, such as the one 496 

described in this study, is that finite fractions of inhibitory and excitatory connections assume 497 

zero weights at capacity (Kohler and Widmaier, 1991), mirroring the trend observed in many 498 

local cortical networks. We compared the connection probabilities (Pcon) and the coefficients of 499 

variation (CV) of non-zero connection weights in associative networks at capacity to the 500 

connection probabilities and CVs of unitary postsynaptic potentials (uPSP) obtained 501 

experimentally. To that end, we used the dataset compiled in (Zhang et al., 2019b) based on 87 502 
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electrophysiological studies describing neuron-to-neuron connectivity for 420 local cortical 503 

projections (lateral distance between neurons < 100 μm). Figure 4A shows that the average 504 

inhibitory Pcon (38 studies, 9,522 connections tested) is significantly larger (p < 10-10, two-505 

sample t-test) than the average excitatory Pcon (67 studies, 63,020 connections tested). 506 

Associative networks exhibit a similar trend in the entire region of considered βlearn and rlearn 507 

values (Figures 4B, C). What is more, in the (βlearn, rlearn) parameter region demarcated with the 508 

dashed isocontours and arrows in Figures 4B, C, the model results are consistent with the middle 509 

50% of the experimentally measured Pcon values for inhibitory and excitatory connections.  510 

Figure 4D shows that the average CV of inhibitory uPSP (10 studies, 503 connections recorded) 511 

is slightly lower than that for excitatory (36 studies, 3,956 connections recorded), and this trend 512 

is also reproduced by the associative networks in the entire region of considered βlearn and rlearn 513 

values (Figures 4E, F). As before, there are (βlearn, rlearn) parameter regions in these maps in 514 

which the results of the model are consistent with the middle 50% of the CV of uPSP 515 

measurements for inhibitory and excitatory connections.  516 

 517 

Spontaneous dynamics in associative networks of homogeneous inhibitory and excitatory 518 

neurons 519 

The model associative networks can exhibit irregular and asynchronous spiking activity like that 520 

observed in cortical networks. To analyze such spontaneous (not learned) network dynamics, we 521 

used associative networks loaded to capacity, initialized them at random states of firing 522 

probability f = 0.2, and followed their activity for 1,000 time-steps. Because the number of 523 

available network states, which is exponential in N, is much larger than the number of loaded 524 

states, αN, the spontaneous network activity in the numerical simulations never passed through 525 

any of the loaded states.  526 

To quantify the degree of similarity in the dynamics of the model and brain networks we 527 

compared the CV of inter-spike-intervals (ISI) and the cross-correlation coefficient of spiking 528 

neuron activity in the model to those measurements obtained experimentally. Dashed isocontour 529 

in Figure 5A outlines (βlearn, rlearn) parameter region in which the model CV of ISI is consistent 530 
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with the 0.7-1.1 range measured in different cortical systems (Softky and Koch, 1993; Holt et al., 531 

1996; Buracas et al., 1998; Shadlen and Newsome, 1998; Stevens and Zador, 1998). Similarly, 532 

Figure 5B shows that there is a (βlearn, rlearn) parameter region in which the calculated spike 533 

cross-correlation coefficients are in agreement with the interquartile range of the corresponding 534 

cortical measurements, 0.04-0.15 (Cohen and Kohn, 2011). The degree of asynchrony in 535 

spontaneous spiking activity in associative networks increases with the postsynaptic noise 536 

strength, which can be explained by the decrease in connection probability (Figures 4B, C) and, 537 

consequently, a reduction in the amount of common input to the neurons.  538 

It was shown that irregular and asynchronous activity can result from the balance of inhibitory 539 

and excitatory postsynaptic inputs to individual cells (van Vreeswijk and Sompolinsky, 1996, 540 

1998). In a balanced state, the magnitudes of these inputs are much greater than the threshold of 541 

firing, but, due to a high degree of anti-correlation, these inputs largely cancel, and firing is 542 

driven by fluctuations. Figure 5C shows a region of parameters in which neurons in the 543 

associative model function in a balanced regime. Because it is difficult to simultaneously 544 

measure inhibitory and excitatory postsynaptic inputs to a neuron, the anti-correlation of 545 

inhibitory and excitatory inputs has only been measured in nearby cells, averaging to about 0.4 546 

(Okun and Lampl, 2008; Graupner and Reyes, 2013). As within-cell anti-correlations are 547 

expected to be stronger than between-cell anti-correlations, 0.4 was used as a lower bound for 548 

the former (dashed isocontour and arrow in Figure 5C).  549 

The seven error-noise regions obtained based on the properties of neuron-to-neuron connectivity 550 

(Figure 4) and network dynamics (Figure 5) have a non-empty intersection (red contour in 551 

Figures 4 and 5). In this biologically plausible region of parameters, the considered properties of 552 

the associative networks are consistent with the corresponding experimental measurements. This 553 

observation suggests that βlearn must lie in the 20-50 range and rlearn must be less than 0.06. 554 

While we are not aware of direct experimental measurements of these parameters, the low value 555 

of rlearn is in qualitative agreement with the reliability of firing patterns evoked by time-varying 556 

stimuli in vivo (Buracas et al., 1998) and in vitro (Mainen and Sejnowski, 1995).   557 

 558 
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Solution of the model with a perceptron-type learning rule  559

As the replica and nonlinear optimization solutions of Eqs. (1) cannot be easily implemented by 560

neural networks in the brain, we set out to develop a biologically more plausible online solution 561

to the associative learning problem. The following perceptron-type learning rule was devised to 562

approximate the solution of Eqs. (1) (see Materials and Methods). At each learning step, e.g. μ, a 563

neuron receives an input containing spiking errors, *X , combines it with synaptic and intrinsic 564

noise, and produces an output corrupted by noise, * * * *

1

N

j j
j

y J X h . If this output differs 565

from the neuron’s target output, y , which is noise-free, the neuron’s input connection weights 566

are updated in four consecutive steps: 567
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 (22) 568

The first line in Eqs. (22) is a stochastic perceptron learning step (Rosenblatt, 1962), in which 569

parameter γ is referred to as the learning rate. The second line enforces the sign constraints, while 570

the last two lines implement the homeostatic l1-norm constraint and are equivalent to the soft 571

thresholding used in LASSO regression (Tibshirani, 1996). In contrast to the standard perceptron 572

learning rule, Eqs. (22) utilize noisy inputs and enforce sign and homeostatic constraints at every 573

learning step. They can be used to learn temporally correlated input-output network states, 574

including auto-associations.575

By including input spiking errors, synaptic and intrinsic noise in the condition that triggers the 576

learning step outlined in Eqs. (22), the learning rule implicitly depends on the model parameters 577

jr , ,syn j  describing the fluctuations in the neuron’s inputs (indexed with j), and the 578

parameter int  which describes the neuron’s intrinsic noise. Because Eqs. (22) are designed to 579
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approximately minimize the neuron’s output spiking error probability for a given memory load 580 

(see Materials and Methods), which at capacity matches the desired output error probability of 581 

the neuron, r, the learning rule also depends implicitly on fluctuations in the neuron’s output. 582 

Figure 6 compares the theoretical solution obtained with the replica method in the N → ∞ limit 583 

with numerical solutions for networks of N = 200, 400, and 800 neurons obtained with nonlinear 584 

optimization and the perceptron-type learning rule. Figure 6A shows that the perceptron-type 585 

learning rule sometimes fails to find a solution to a feasible learning problem, i.e. a problem that 586 

can be solved with nonlinear optimization. Yet, even in such cases, the perceptron connection 587 

weights in a steady state (after 106 learning epochs) are well-correlated with the nonlinear 588 

optimization weights (Figure 6B). Therefore, though the perceptron-type learning rule is not as 589 

efficient as nonlinear optimization, it can find an approximate solution to the learning problem. 590 

Consistent with this conclusion, the associative memory storage capacity of a neuron loaded with 591 

the perceptron-type learning rule is 15% - 18% lower than that loaded with nonlinear 592 

optimization, and the two methods lead to similar structural and dynamical network properties 593 

(red and blue bars in Figure 6C). The scales of non-zero inhibitory and excitatory connection 594 

weights according to the replica calculation are primarily determined by w, inhibitory/excitatory 595 

connection probabilities, and fractions of these inputs [last line of Eqs. (14)], and this agrees with 596 

the results of nonlinear optimization and perceptron learning. 597 

 598 

Properties of heterogeneous associative networks 599 

The associative learning model, Eqs. (1), makes it possible to investigate the properties of 600 

networks composed of heterogeneous populations of inhibitory and excitatory neurons. 601 

Specifically, we examined the effects of distributed spiking error probabilities and distributed 602 

synaptic and intrinsic noise strengths on properties of connectivity at critical capacity. Figures 603 

7A-C show that in networks of neurons with heterogeneous spiking error probabilities 604 

(homogeneous in all other parameters), the probabilities and weights of inhibitory and excitatory 605 

connections monotonically decrease with increasing rlearn. Therefore, as may have been expected, 606 

connections originating from more unreliable neurons (higher rlearn) are more likely to be 607 
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depressed and/or eliminated during learning. Properties of networks of neurons with distributed 608 

synaptic and intrinsic noise strengths (homogeneous otherwise) depend on the combination of 609 

these parameters in the form of the postsynaptic noise strengths, βlearn. Figures 7D-F show how 610 

connection probabilities and average connection weights depend on βlearn. Like in the previous 611 

case, connections onto noisier neurons (higher βlearn) are less probable. Here, however, the 612 

average inhibitory and excitatory connection weights increase with βlearn due to the homeostatic 613 

l1-norm constraint, Eqs. (1).  614 

Motivated by the agreement between the results of the associative learning model and cortical 615 

measurements, we put forward two predictions that can be tested in future experiments. First, we 616 

predict that in cortical networks, inhibitory and excitatory connections originating from more 617 

unreliable neurons or neuron classes must have lower connection probabilities and average 618 

uPSPs (Figures 7B, C). Second, we predict that connections onto noisier neurons or neuron 619 

classes must have lower connection probabilities but higher average uPSPs (Figures 7E, F).  620 

 621 

DISCUSSION 622 

We examined a network model of inhibitory and excitatory neurons loaded to capacity with 623 

associative memory sequences in the presence of errors and noise. First, we showed that there is 624 

a tradeoff between the capacity and reliability of stored sequences which is controlled by the 625 

levels of errors and noise present during learning. For an optimal tradeoff, as judged by the 626 

amount of information contained in the retrieved sequences, noise must be present during 627 

learning. Second, as synaptic connectivity of neurons changes during learning (Holtmaat and 628 

Svoboda, 2009), it is not unreasonable to expect that the requirement of reliable memory 629 

retrieval is reflected in the properties of network connectivity and, consequently, the activity of 630 

neurons in the brain. Interestingly, local neural networks in the mammalian cortical areas have 631 

many common features of connectivity and network activity (Zhang et al., 2019b). We showed 632 

that these network properties in the model emerge all at once during reliable memory storage. 633 

Third, as levels of errors and noise can differ across individual neurons or neuron classes, we 634 

examined the properties of model networks composed of heterogeneous neurons and made two 635 
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salient predictions regarding the connectivity of neurons operating with relatively high levels of 636 

errors and noise. 637 

This study incorporates a comprehensive description of errors and noise into the model of 638 

associate sequence learning by recurrent networks of neurons with biologically inspired 639 

constraints. It shows that errors and noise during learning can be beneficial, as they can increase 640 

the reliability of loaded memories to fluctuations during memory retrieval. Because errors and 641 

noise are both free and unavoidable harnessing their power, rather than trying to suppress it, may 642 

be an efficient way of improving the reliability of memories in the brain. This mechanism is 643 

illustrated in Figure 8. When the associative memories are loaded at a below capacity level, the 644 

solution region of Eqs. (1) is comparatively large. A solution, e.g. a vector of connection weights 645 

of a neuron obtained with a perceptron-type learning rule, may be located near the solution 646 

region boundary. Such a solution is deemed unreliable because a small amount of noise during 647 

memory retrieval can move it outside the solution region, resulting in spiking errors that can 648 

disrupt the associative sequence retrieval process (Figures 8A). By adding noise during learning, 649 

the solution can be forced to move away from the boundary, thus making it more reliable 650 

(Figures 8B). However, increasing the noise strength reduces the neuron’s capacity, and at a 651 

certain strength, the capacity and memory load are guaranteed to match (Figure 8C). A further 652 

increase in noise strength can improve the reliability even more, but at the expense of the 653 

memory load as the latter must remain at or below the capacity (Figure 8D). An alternative way 654 

of improving reliability is by suppressing noise during memory retrieval (Figure 8E). 655 

Incidentally, it has been shown that visual attention that improves behavioral performance 656 

reduces the variability in spike counts of individual neurons in Macaque V4 (Cohen and 657 

Maunsell, 2009; Mitchell et al., 2009). Though significant, the amount of reduction is relatively 658 

small, suggesting that this mechanism has physical limitations. Using noise during learning can 659 

enhance the reliability of stored memories beyond what can be accomplished by attending to the 660 

memory retrieval process.  661 

The study of associative memory storage by artificial neural networks has a long history dating 662 

back to the seminal works of McCulloch and Pitts, Hebb, Rosenblatt, Steinbuch, Cover, Minsky 663 

and Papert (McCulloch and Pitts, 1943; Hebb, 1949; Rosenblatt, 1957; Steinbuch, 1961; Cover, 664 

1965; Minsky and Papert, 1969). Associative models of binary neurons can be generally 665 
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categorized into learning models, in which memories are loaded into the network over time using 666 

activity-dependent learning rules, and memory storage models, which often bypass the learning 667 

phase and focus on memory storage capacity and properties of learned networks. Models of the 668 

first type often rely on Hebbian-type learning rules in which connection weights are modified 669 

based on activities of pre- and postsynaptic neurons (Willshaw et al., 1969; Hopfield, 1982; 670 

Tsodyks and Feigel'man, 1988; Amit, 1989; Palm, 2013). Although the general idea of Hebbian 671 

learning has been corroborated experimentally and characterized as LTP/LTD, recent studies 672 

demonstrated that changes in synaptic efficacy can have a complicated dependence on spike 673 

timing, spike frequency, and postsynaptic potential (Sjostrom et al., 2001).  674 

Memory storage models make no assumptions as to the details of the learning rules, provided 675 

that they are powerful enough to load memories into the network, and analyze network 676 

properties as functions of the memory load and network parameters. An advantage of such 677 

models is that they often yield closed-form analytically solutions. One of the first models of this 678 

type was solved by Cover (Cover, 1965) who used a geometrical argument to show that a simple 679 

perceptron with N inputs can learn 2N unbiased associations. Later, a general framework for the 680 

analysis of memory storage capacity was established by Gardner and Derrida (Gardner, 1988; 681 

Gardner and Derrida, 1988) who used the replica theory to solve the problem of robust learning 682 

of arbitrarily biased associations. Subsequent studies incorporated sources of noise into the 683 

associative learning model and examined the effects of learning on neural network properties. In 684 

these studies, the basic associative learning model was extended to include biologically inspired 685 

elements, such as sign-constrained postsynaptic connections (inhibitory and excitatory) [see e.g. 686 

(Kohler and Widmaier, 1991; Brunel et al., 2004; Chapeton et al., 2012)], homeostatically 687 

constrained presynaptic connections [see e.g. (Chapeton et al., 2015)], and robustness to noise 688 

which is traditionally enforced through a generic robustness parameter κ [see e.g. (Gardner, 1988; 689 

Gardner and Derrida, 1988)]. In particular, Brunel et al. (Brunel et al., 2004; Brunel, 2016) 690 

showed that sparse excitatory connectivity and certain two- and three-neuron motifs develop in 691 

networks robustly loaded with associations to capacity and that similar results can be obtained in 692 

a model which, in place of κ, includes Gaussian intrinsic noise and output spiking errors [see 693 

their Supplementary Material]. Rubin et al. (Rubin et al., 2017) considered presynaptic and 694 

intrinsic noise and showed that the balance of inhibitory and excitatory currents emerges at 695 
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capacity. Zhang et al. (Zhang et al., 2019b) showed that many structural and dynamical 696 

properties of local cortical networks emerge in associative networks robustly loaded to capacity.  697 

This article significantly differs from the above-mentioned studies both in terms of the model 698 

and results. First, the model introduced in this article provides a more systematic account of 699 

errors and noise by combining input and output spiking errors, synaptic and intrinsic noise. 700 

Second, the model allows for the possibility of having different levels of errors and noise during 701 

learning and memory retrieval. Third, the model makes it possible to analyze networks of 702 

neurons with heterogeneous properties. In terms of model results, we first show how errors and 703 

noise during learning facilitate reliable memory retrieval and next produce a comprehensive list 704 

of results related to network structure and dynamics that are then compared to the data from local 705 

cortical networks to validate the model and make predictions. What is more, our results explain 706 

the nature of the robustness parameter, κ, used in traditional models [Eqs. (16)] and show 707 

explicitly how it is related to errors and noise present during learning.  708 

The model described in this study assumes that individual neurons learn independently from one 709 

another and are loaded with memories to capacity. There is no direct support for these 710 

assumptions, but they have been shown to lead to structural and dynamical network properties 711 

that are consistent with experimental data (Brunel et al., 2004; Clopath et al., 2010; Chapeton et 712 

al., 2012; Brunel, 2016; Zhang et al., 2019b). This study corroborates these assumptions by 713 

matching a variety of experimental results with a single set of model parameters. The derived 714 

perceptron-type rule mediates learning by modifying connection weights based on local activities 715 

of pre- and postsynaptic neurons in the presence of errors and noise, which is biologically 716 

feasible. However, a supervision signal must be fed to every neuron during learning. This is a 717 

major drawback of the presented approach and the supervised learning models in general, as the 718 

origins of this signal in the brain remain unknown. The problem can be minimized by feeding the 719 

supervision signal to a fraction of neurons in the network while letting the remaining neurons 720 

learn in an unsupervised manner (Krotov and Hopfield, 2019). Unsupervised learning can be 721 

mediated by local spike timing, frequency, and voltage-dependent rules that are biologically 722 

more plausible and can explain many experiments describing functional properties of individual 723 

neurons [see e.g. (Clopath et al., 2010)]. However, unsupervised learning rules are not known to 724 

produce the host of structural and dynamical properties of local cortical circuits examined in this 725 
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study. It would be interesting to find out if a recurrent network composed of unsupervised and 726 

supervised neurons can satisfy all the requirements of a biologically realistic learning network.  727 
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FIGURE LEGENDS 864 

Figure 1: Associative memory storage in a recurrent network of inhibitory and excitatory 865 

neurons in the presence of errors and noise. A. Error propagation through the network. Inhibitory 866 

neurons (red circles) and excitatory neurons (blue triangles) form an all-to-all potentially 867 

(structurally) connected network. Red and blue arrows represent actual (functional) connections. 868 

Spiking errors (errors contained in *X ), synaptic noise ( *
ijJ ), and intrinsic noise ( *

ih ) accompany 869 

signal transmission (orange lightning signs). Errors in the neurons’ outputs at a given time step 870 

become spiking errors in the next time step. B. Fluctuations in postsynaptic potentials for two 871 

associations with target neuron outputs 0 (left) and 1 (right). Large black dots denote 872 

postsynaptic potentials in the absence of errors and noise. Small dots represent postsynaptic 873 

potentials on different trials in the presence of errors and noise. Orange areas to the left of the 874 

postsynaptic potential probability densities (solid lines) represent the probabilities of erroneous 875 

spikes (left) and spike failures (right). C. The probability of successful learning by a neuron is a 876 

sharply decreasing function of memory load m/N. Solid curves represent the probabilities of 877 

successful learning obtained with nonlinear optimization (see Materials and Methods) for 878 

neurons receiving N = 200, 400, and 800 homogeneous inputs. The numerical values of βlearn and 879 

rin = rout ≡ rlearn are provided in the figure. The values of all other parameters of the model were 880 

adapted from (Chapeton et al., 2015). At 0.5 success probability, the neuron is said to be loaded 881 

to capacity, α. The dashed black line represents the theoretical (critical) capacity, αc, obtained 882 

with the replica method in the N → ∞ limit. D. αc as a function of βlearn for different input noise 883 

strengths (colored lines). In the case of rin = 0, solution of Eqs. (1) (blue line) coincides with the 884 

solution of the traditional model (Zhang et al., 2019b) which uses a generic robustness parameter 885 

(black dots). E. Map of αc for a neuron receiving homogeneous input as a function of rin and rout. 886 

F. Same as a function of βlearn and rin = rout ≡ rlearn. The maps in (E) and (F) were obtained with 887 

the replica method (see Materials and Methods), and the green asterisks correspond to the values 888 

of parameters used in (C). Dashed isocontours are drawn as a guide to the eye. 889 

Figure 2: Retrieval of loaded associative memory sequences and the tradeoff between capacity 890 

and reliability of loaded memories. A. Illustration of memory playout during complete and 891 

partial memory retrieval (left). The target memory sequence is shown in black, while the 892 
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sequences retrieved on different trials are in blue and red. Memory retrieval is incomplete when 893 

the retrieved sequence deviates significantly from the target sequence (see text for details). Radii 894 

of blue spheres illustrate the root-mean-square Euclidean distances between the retrieved and 895 

target states. The fraction of errors as a function of time step during sequence retrieval (right). 896 

Successfully retrieved sequences do not deviate from the loaded sequences by more than a 897 

threshold amount (dashed line). The parameters of the associative network are provided in the 898 

figure. The values of βlearn and rlearn correspond to the green asterisk from Figure 1. B. The 899 

probability of successful memory retrieval (green) and the retrieved fraction of loaded sequence 900 

length (red) as a function of βlearn. The postsynaptic noise strength βretr = 30 (dashed line) at 901 

every step of memory retrieval and rretr was set to 0 at the first step. C. Map of retrieval 902 

probability as a function of βlearn and rlearn. Dashed isocontour is drawn as a guide to the eye. The 903 

location of the green asterisk is the same as in Figure 1F. D. The tradeoff between memory 904 

retrieval probability and α. Individual points correspond to all values of βlearn and rlearn 905 

considered in (C). Higher errors and noise during learning result in lower α and higher retrieval 906 

probability regardless of the noise strength during memory retrieval (different colors). The 907 

results shown in (A-D) were obtained with the nonlinear optimization method (see Materials and 908 

Methods). For every parameter setting, the results shown in (B-D) were averaged over 100 909 

networks and 1,000 retrievals of the loaded sequence in each network.  910 

Figure 3: Postsynaptic noise during learning is required for optimal retrieval of stored 911 

information. A-B. Maps of expected retrieved information per memory playout calculated based 912 

on completely retrieved sequences (A) and completely and partially retrieved sequence (B) in 913 

bits×N2 as functions of βlearn and rlearn.  βretr = 30 at every step of memory retrieval and rretr was 914 

set to 0 at the first step. Dashed isocontours are drawn as guides to the eye. The locations of the 915 

green asterisks are the same as in Figure 1F. C. The maximum of retrieved information is 916 

achieved when βlearn is greater than zero regardless of the value of βretr. The optimal postsynaptic 917 

noise strengths were calculated based on the averages of the results from (A) (blue line) and (B) 918 

(orange line) over the range of rlearn values from (A, B). All results were obtained with the 919 

nonlinear optimization method (see Materials and Methods) and averaged over 100 networks and 920 

1,000 retrievals of the loaded sequence in each network for every parameter setting.  921 
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Figure 4: Comparison of structural properties of the model and cortical networks. A. Inhibitory 922 

and excitatory connection probabilities reported in 87 studies describing 420 local cortical 923 

projections. Each dot represents the result of a single study/projection. B, C. Maps of inhibitory 924 

and excitatory connection probabilities as functions of βlearn and rlearn. The results are based on 925 

the replica method (see Materials and Methods). Dashed isocontours and arrows illustrate the 926 

interquartile ranges of the experimentally observed connection probabilities from (A). The red 927 

contour outlines a region of parameters that is consistent with all structural and dynamical 928 

measurements in cortical networks considered in this study. The locations of the green asterisks 929 

are the same as in Figure 1F. D-F. Same for the CV of non-zero inhibitory and excitatory 930 

connection weights. (A) and (D) were adapted from (Zhang et al., 2019b). 931 

Figure 5: Comparison of dynamical properties of the model and cortical networks. A. The CV of 932 

ISI for spontaneous (not learned) activity as a function of βlearn and rlearn. Dashed isocontour and 933 

arrows demarcate a region of CV values that is in general agreement with experimental 934 

measurements. B. Same for the cross-correlation coefficient of neuron spike trains. C. Same for 935 

the anti-correlation coefficient of inhibitory and excitatory postsynaptic inputs to a neuron. The 936 

red contour outlines a region of parameters that is consistent with the considered structural and 937 

dynamical measurements. The locations of the green asterisk are the same as in Figure 1F. All 938 

results were obtained with the nonlinear optimization method (see Materials and Methods) and 939 

averaged over 100 networks and 100 runs for each network for every parameter setting.  940 

Figure 6: Comparison of solutions obtained with the perceptron-type learning rule, nonlinear 941 

optimization, and replica method. A. Output error probability as a function of the number of 942 

learning epochs for the perceptron-type learning rule. The black dashed line indicates the target 943 

output error probability. Results for three different cases are shown: a not feasible problem (red 944 

line), a feasible problem which was not solved with the perceptron-type learning rule (blue line), 945 

and a feasible problem which was solved with the perceptron-type learning rule (green line). The 946 

parameters of the associative network are provided in the figure. The values of βlearn and rlearn 947 

correspond to the green asterisk from Figure 1F. B. Comparisons of connection weights obtained 948 

with the perceptron-type learning rule and nonlinear optimization for the three cases shown in 949 

(A). Straight lines are the best linear fits. C. Comparisons of memory storage capacity, retrieval, 950 

structural, and dynamical properties of networks of N = 200, 400, and 800 neurons obtained with 951 
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the perceptron-type learning rule (red colors) and nonlinear optimization (blue colors). The 952 

memory storage capacity and structural properties calculated with the replica method in the N → 953 

∞ limit are shown in black.  954 

Figure 7: Properties of connections in associative networks of heterogeneous neurons. A-C. 955 

Connection probability (B) and average non-zero connection weight (C) for inhibitory (red) and 956 

excitatory (blue) connections in a network of neurons with distributed spiking error probabilities 957 

and homogeneous in all other parameters. The spiking error probabilities of inhibitory and 958 

excitatory inputs during learning were randomly drawn from the log-normal distribution shown 959 

in (A). Unreliable inputs have lower probabilities and weights. The parameters of the associative 960 

network are shown in (A). The values of βlearn and <rlearn> correspond to the green asterisk from 961 

Figure 1F. D-F.  Same for a network of neurons with heterogeneous postsynaptic noise strengths. 962 

The postsynaptic noise strengths of neurons during learning were randomly drawn from the log-963 

normal distribution shown in (D). Noisier neurons receive stronger but fewer inhibitory and 964 

excitatory inputs.  965 

Figure 8: Increasing the noise strength during learning and decreasing it during memory recall 966 

lead to more reliable solutions. A. The associative learning problem for a below capacity load in 967 

the absence of noise during learning, βlearn = 0. The solution region (blue) is bounded by 968 

hyperplanes corresponding to the individual associations (black lines). The learning phase (red 969 

arrows) ends as the connection weight vector enters the solution region. The solution shown in 970 

(A) is unreliable because noise during memory retrieval (red cloud of radius βretr) can move it 971 

outside the solution region with high probability. B. Adding noise during learning (green cloud 972 

of radius βlearn) transforms the association hyperplanes (gray lines) into hypersurfaces (black 973 

lines), Eqs. (1), reducing the solution region and forcing the connection weight vector further 974 

away from the hyperplanes. This increases solution reliability. C. The continued increase of the 975 

noise strength improves reliability as the solution region shrinks to zero. At this noise strength, 976 

the memory load is at capacity. A further increase in reliability can be achieved by increasing the 977 

noise strength during learning (D) or decreasing it during retrieval (E). In the former case, the 978 

memory load must be reduced to match the reduction in capacity. 979 
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