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Abstract 30 

Computational Psychiatry is a rapidly emerging field that uses model-based quantities to infer 31 the behavioural and neuronal abnormalities that underlie psychopathology. If successful, this 32 approach promises key insights into (pathological) brain function as well as a more mechanistic 33 and quantitative approach to psychiatric nosology – structuring therapeutic interventions and 34 predicting response and relapse. The basic procedure in computational psychiatry is to build a 35 computational model that formalises a behavioural or neuronal process. Measured behavioural 36 (or neuronal) responses are then used to infer the model parameters of a single subject or a 37 group of subjects. Here, we provide an illustrative overview over this process, starting from the 38 modelling of choice behaviour in a specific task, simulating data and then inverting that model 39 to estimate group effects. Finally, we illustrate cross-validation to assess whether between-40 subject variables (e.g., diagnosis) can be recovered successfully. Our worked example uses a 41 simple two-step maze task and a model of choice behaviour based on (active) inference and 42 Markov decision processes. The procedural steps and routines we illustrate are not restricted to 43 a specific field of research or particular computational model but can, in principle, be applied in 44 many domains of computational psychiatry. 45 

 46 

Keywords:  computational psychiatry, generative model, Bayesian model inversion, active 47 inference, Markov decision process 48 
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Significance Statement 50 

We provide an overview over the process of using formal models to understand psychiatric 51 conditions, which is central in the emerging research field of ‘Computational Psychiatry’. This 52 
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approach promises key insights into both healthy and pathological brain function as well as a 53 more mechanistic understanding of psychiatric nosology, which may have important 54 consequences for therapeutic interventions or predicting response and relapse. In a worked 55 example, we discuss the generic aspects of using a computational model to formalise a task, 56 simulating data and estimating parameters as well as inferring group effects between patients 57 and healthy controls. We also provide routines that can be used for these steps and are freely 58 available in the academic software SPM. 59 

 60 

Introduction 61 

Recent advances in computational neuroscience – and the lack of a mechanistic classification 62 system in mental disorders (Stephan et al., 2015) – have motivated the application of 63 computational models in clinical research. This has led to the emergence of a field of research 64 called Computational Psychiatry, which has attracted much recent interest (Friston, Stephan, 65 Montague, & Dolan, 2014; Huys, Guitart-Masip, Dolan, & Dayan, 2015; Stephan & Mathys, 2014; 66 Wang & Krystal, 2014). Its aim is to use computational models of behaviour or neuronal 67 function to infer the hidden causes of measurable quantities, such as symptoms, signs and 68 neuroimaging or psychophysical responses. In consequence, this approach promises new 69 insights into the computational mechanisms of certain pathologies, which would otherwise be 70 hidden, when assessing the observations alone. 71 

This tutorial addresses a particular but important aspect of computational psychiatry; namely, 72 how to characterize individuals in terms of their computational phenotypes.  In other words, it 73 describes how to quantify the beliefs and preferences of an individual – within a formal 74 framework – by fitting their choice behaviour to a computational model.  Our focus is on a 75 particular sequence of analyses that is supported by routines in the SPM software.  These 76 routines have been written in a way that they should be applicable to any choice or decision 77 tasks that can be modelled in terms of (partially observable) Markov decision processes(Alagoz 78 
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et al.; Toussaint et al., 2006; Rao, 2010; FitzGerald et al., 2015) (see below).  The purpose of this 79 note is to describe the overall structure of the analyses and the functionality of a few key 80 (Matlab) routines that can be used to analyze the behaviour of subjects in a relatively 81 straightforward and efficient fashion.  An overview of these routines is provided in Figure 1 and 82 the software notes below.   83 

Characterizing choice behaviour in terms of a formal model represents a subtle challenge; 84 especially under active inference models of behaviour (Friston, Mattout, & Kilner, 2011; Friston, 85 Rigoli, et al., 2015). This is because it is generally assumed that subjects make decisions based 86 upon a generative model of the task at hand – and behave in an approximately Bayesian way by 87 making bounded rational choices (Berkes et al., 2011).  Generative models provide a 88 probabilistic mapping from hidden states or parameters to observations. In other words, a 89 generative model specifies how consequences (i.e., observed outcomes) are generated from 90 their causes (i.e., unobserved or hidden states and parameters). When modelling behaviour 91 under a generative model, the (objective) model includes the (subjective) model we assume is 92 used by each subject (we provide a worked example of this in the following sections). This 93 means that fitting choice behaviour becomes a meta-Bayesian problem, in which we are trying 94 to infer the beliefs adopted by a subject based upon our beliefs about this (active) inference 95 process (Daunizeau et al., 2010). Therefore, under the perspective of (active) Bayesian 96 inference, the only things one can infer about a subject are their prior beliefs (Houlsby et al., 97 2013). In other schemes, for example normative economic models or reinforcement learning, 98 prior expectations would correspond to key model parameters, such as temporal discounting or 99 the sensitivity to rewards. In turn, this means that the difference between one subject and 100 another has to be cast in terms of their generative models, which can always be formulated as 101 prior beliefs or, when their priors pertain to the parameters of probability distributions, 102 

hyperpriors. Crucially, understanding individual behaviour in terms of individual (subjective) 103 generative models of a task adds an additional hypotheses-space for investigating individual 104 and group differences and speaks to the idea of understanding pathological behaviour in terms 105 
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of pathological models of (i.e. abnormal prior beliefs about) the world (Beck et al., 2012; Dayan, 106 2014; Schwartenbeck et al., 2015c). In what follows, we will illustrate this general principle 107 using a particular example (and simulated data).  The end point of this analysis will be a 108 characterization of single subjects (and group differences) in terms of (hyper) priors encoding 109 uncertainty or confidence about choice behaviour.  However, the same procedure can be applied 110 to any prior belief that shapes an individual’s response to their changing world. 111 

 112 

The formal approach 113 

Formally, this approach rests on (both subjective and objective) generative models. For the 114 

subjective generative model, these observations are experimental outcomes or cues observed by 115 a subject, while for the objective model, the outcomes would be the subject’s responses or 116 choices. In statistical terms, generative models provide a likelihood function ( |Θ, ) of data  117 given a set of parameters Θ and the model structure   as well as a prior over parameters 118 (Θ| ). Crucially, one can invert this model using Bayes rule to infer the most likely parameter 119 values (hidden states) causing observed data:  120 

( |Θ, ) ∙ (Θ| )( | ) =  (Θ| , ) 
Here, ( | ) refers to the evidence or marginal likelihood of the model, which can be obtained 121 by integrating or marginalising out Θ in the numerator:  122 

( | ) = ( |Θ, ) ∙ (Θ| ) Θ 
Usually, this integral cannot be solved analytically (exactly) but has to be approximated, for 123 example through heuristics like the Akaike/Bayesian information criterion or more refined but 124 computationally more expensive solutions such as sampling or variational methods (Attias, 125 2000; Beal, 2003; Bishop, 2006).  126 
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In the following, we will illustrate the use of generative models in computational phenotyping 127 and focus on the crucial steps in (i) specifying the model, (ii) using the model to simulate or 128 generate data, (iii) model inversion or fitting to estimate subject-specific parameters and (iv) 129 subsequent inference about between-subject or group effects using hierarchical or empirical 130 Bayes: for example, comparing a group of healthy controls to a patient group. We will use a 131 simple decision-making task to illustrate these processes  and employ a recently proposed 132 computational model of behaviour, which casts decision-making as a Markov decision process 133 based on (active) Bayesian inference (Friston et al., 2013; Friston, 2015). The details of the task 134 and computational model are not of central importance and are discussed elsewhere(Friston, 135 2015). Here, the model serves to illustrate the typical procedures in computational approaches 136 to psychiatry. When appropriate, we will refer explicitly to Matlab routines that implement each 137 step. These routines use (variational) procedures for Bayesian model inversion and comparison. 138 They have been developed over decades as part of the SPM software – and have been applied 139 extensively in the modelling of neuroimaging and other data. The key routines called upon in 140 this paper are described in the software notes below. 141 

  142 

Model specification 143 

Figure 1 provides an overview of the procedures we will be illustrating. Usually, one starts by 144 developing and optimising the task paradigm. Clearly, to describe a subject's response formally, 145 it is necessary to specify a subjective generative model that can predict a subject’s responses. 146 For experimental paradigms it is often convenient to use discrete state-space models (i.e., 147 partially observable Markov decision processes), in which various cues and choices can be 148 labelled as discrete outcomes. We will illustrate this sort of model using a relatively simple two-149 step maze task. 150 

 151 
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An active inference model of epistemic foraging 152 

In the following, we introduce the ingredients for casting a decision-making or planning task as 153 active Bayesian inference. Note that this treatment serves as an illustration for the general steps 154 in computational phenotyping, which do not depend on the use of a particular computational or 155 normative model. In practice, one often wants to compare different variants of computational 156 models of choice behaviour, such as (Bayesian) inference and (reinforcement) learning models 157 (Sutton and Barto, 1998), which we discuss below. In fact, the active inference routine we 158 present here allows one to perform these formal comparisons, which are the subject of current 159 research (e.g., Friston, Daunizeau, & Kiebel, 2009; Mathys, Daunizeau, Friston, & Stephan, 2011; 160 Schwartenbeck, FitzGerald, Mathys, Dolan, Kronbichler, et al., 2015). 161 

For our worked example, we will use a task that requires both exploratory (epistemic) and 162 exploitative behaviour (Friston, 2015). In brief, in this task a subject has to choose whether to 163 sample the left or right arm of a T-shaped maze to obtain a reward or a cue. The rewards are in 164 the upper arms, while the cue is in the lower arm. This cue indicates the location of the reward 165 with high validity (see Figure 2A). Crucially, the left and the right arm of the maze are absorbing 166 states, which means that the agent has to stick with its choice. Therefore, in the absence of any 167 prior knowledge the optimal policy (i.e., a sequence of actions) involves first sampling the cue 168 and then selecting the reward location indicated by the cue. While this seems like a very simple 169 task, it captures interesting aspects of behaviour such as planning and a trade-off between 170 exploration (i.e., sampling the cue) and exploitation (i.e., moving to the arm that is likely to 171 contain a reward). As such it can be easily extended to model more complex types of choice 172 problems. 173 

The first step is to specify the (subjective) generative model of this task. These sorts of problems 174 can be modelled efficiently as partially observable Markov decision processes (POMDPs), where 175 the transition probabilities are determined by the current action and state but not the history of 176 previous states (see below). In the context of active inference, the specification of the generative 177 
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model for a Markov decision process is based on three matrices called A, B and C. These describe 178 the mapping from hidden states to outcomes, the transition probabilities and the preferences 179 (expectations) over outcomes, respectively. The specification of these matrices depends on the 180 state-space of the task (see Figure 2B). In our example, the agent can be in one out of eight 181 possible hidden states determined by the agent’s location (middle, bottom, left arm or right 182 arm) and context (cue indicates the left or right arm).  183 

As the name implies, hidden states are usually not fully (but only partially) observable and have 184 to be inferred based on observations. This motivates the A-matrix, which maps from hidden 185 states to observations (outcome states); i.e. states that the subject can observe. Here, we can 186 differentiate seven different observable states (middle position, left arm rewarded or 187 unrewarded, right arm rewarded or unrewarded, cue location indicating to go left or right – see 188 Figure 2B), thus the A-matrix is a 7x8 matrix (as displayed in Figure 3A). The A-matrix accounts 189 for any partially-observable aspect of a Markov decision process, where this mapping becomes 190 an identity matrix if all states are fully observable (i.e., if there is no uncertainty about which 191 hidden state caused an observation).  192 

Second, the B-matrix encodes the transition probabilities in a decision process; i.e. the 193 probability of the next hidden state contingent on the current hidden state and the action taken 194 by the agent (see Figure 3B for an illustration of the transition probabilities in our task). These 195 transition probabilities are a particular feature of Markov decision processes, because they only 196 depend on the current state (and action) but not on previous states. This is called the Markov or 197 ‘memory-less’ property. Finally, one has to specify the agent’s preferences over outcomes states 198 (observations), which are encoded in the C-vector. Preferences over outcomes are (prior) 199 expectations, which can be based on task instructions or – in the context of economic decision-200 making or reinforcement learning – utility or reward (or any combination of these). 201 

From the perspective of active inference, the preferred (desired) states are the states that the 202 subject expects to find itself in. Note that casting an agent’s preferences in terms of prior 203 
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expectations does not imply that the concept of reward is meaningless; rather, the notion of a 204 reward is absorbed into an agent’s expectations, which guide its inferences about policies. 205 Therefore, a Bayes optimal subject will infer or select policies that bring about expected or 206 preferred states. This inference is modelled by Bayesian updates that accumulate evidence to 207 optimise posterior beliefs about hidden states of the world and the current policy being enacted. 208 Mathematically, this can be expressed as a minimisation of variational free energy (as an upper 209 bound on surprise – see below). Because variational free energy is an approximation to negative 210 Bayesian model evidence, belief updating to minimise free energy for surprise is exactly the 211 same as maximising model evidence. This Bayes optimal inference ensures that subjects obtain 212 the outcomes they expect (i.e., desire). Equivalently, they will avoid unexpected (i.e., undesired) 213 outcomes because they are surprising. The key quantities that endow behaviour with a 214 purposeful, goal-directed aspect are the prior preferences that nuance the selection of policies. 215 These preferences are generally treated as free parameters that can be estimated through 216 model inversion, as we will see below.  217 

For a full discussion of the task described above and the specifics of casting choice behaviour as 218 an active inferential Markov decision process please see(Friston et al., 2013; Friston, 2015). 219 Having said this, the particular details of this paradigm are not terribly important. The 220 important thing to note is that, in principle, nearly every experimental paradigm can be 221 specified with two sets of matrices A and B, while every subject can be characterised in terms of 222 their preferences C. Practically speaking, the key challenge is not to specify these matrices but 223 the greatest challenge is to understand and define the hidden state space implicit in the 224 paradigm; in other words, the states on which these matrices operate.  225 

 226 

Simulating data 227 
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Having specified the subjective generative model for this task, we can now use the model to 228 simulate or generate choice behaviour. While eventually, one will use real data, simulating data 229 is useful to assess whether the generative model of a task produces sensible behaviour. Once 230 any counterintuitive behaviour has been resolved, one can then use simulations to optimise the 231 design parameters (or state space) that will be used empirically as the subjective model. 232 

To simulate choices, we need to specify specific values for the priors and hyperpriors of the 233 generative model, which we want to recover when working with real data (see ‘model 234 inversion’ below). In our case, we need to specify two parameters: the preferences 235 (expectations) over outcomes and a hyperprior on the confidence or precision of beliefs about 236 policies. The preferences over outcomes simply determine the desirability of each observable 237 (outcome) state. For our simulations, we have assigned a high value to outcomes in which the 238 agent obtains a reward (+4), a low value for outcome states in which the agent does not obtain a 239 reward and is trapped in an absorbing state (-4) and a medium value for the remaining 240 outcomes, following which it is still possible to obtain a reward later (0 – see Figure 3C for an 241 illustration). Because these expectations are defined in log-space, this can be understood as the 242 subject’s (prior) belief that obtaining a reward is exp (4) ≈ 55 times more likely than ending up 243 in a ‘neutral’ state (exp(0) = 1).   244 

In addition, we can specify a hyperprior on precision. Precision ( ) reflects an agent’s 245 stochasticity or goal-directedness in choice behaviour but, crucially, itself has a Bayes-optimal 246 solution that can be inferred on a trial-by-trial basis. The importance of precision in decision 247 processes and its putative neuronal implementation are discussed in detail elsewhere (Friston 248 et al., 2014; Schwartenbeck, FitzGerald, Mathys, Dolan, & Friston, 2015). In brief, the values of 249 policies are scored as variational free energies, which follow a Gibbs distribution. Precision is 250 the inverse temperature of this distribution and itself is parameterised by a Gamma distribution 251 with a scale ( ) and rate ( ) hyperparameter.  Thus, precision plays the same role as an inverse 252 temperature in classical softmax choice rules, with the difference that it is continuously 253 
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optimised. For our simulations we have set  and  to a value of 2, resulting in an expected 254 value for (inverse) precision of  = 1. Hyperpriors on precision are of great importance when 255 recovering the parameters based on observed behaviour and may play a central role in 256 psychiatry, as discussed below.  257 

Finally, we need to specify initial states for each trial in the experiment; i.e., the state from which 258 the subject starts navigating through the maze. In our simulations, the initial (hidden) state of 259 every trial is set to the middle location and (randomly) to one of the two contexts (reward on 260 the left or right), where the entire experiment comprises 128 trials. Details of the model 261 specification and simulation (and the steps below) can be found in the DEM toolbox of the 262 

academic software SPM12 (Wellcome Trust Centre for Neuroimaging, London, 263 UK, http://www.fil.ion.ucl.ac.uk/spm) under the option ‘behavioural modelling’. 264 

Having specified the generative model, we can now use the function ‘spm_MDP_VB’ to simulate 265 behaviour. This routine provides solutions of behaviour based on active inference, such that 266 agents believe they will minimise expected free energy. Expected free energy can be 267 decomposed into the Kullback-Leibler or KL-divergence between predicted and preferred 268 outcomes plus the expected surprise (uncertainty) about future outcomes. Therefore, 269 minimising expected free energy implicitly maximises expected utility or preferred outcomes in 270 a risk-sensitive fashion (c.f., KL control), while resolving ambiguity. This active inference 271 scheme is based on three variational update equations: agents are assumed to perform within-272 trial inference on current states, actions and (expected) precision. In addition to these updates, 273 the parameters of the generative model are updated between trials (i.e., learned). Details of the 274 model and variational Bayesian updates can be found in (Friston, 2015), the output of these 275 simulations can be found in Figure 4A for a single trial and 4B for the entire experiment. 276 

These simulated responses (and other electrophysiological responses not considered in this 277 paper) can now be used to verify the efficiency of the paradigm and its basic behaviour. One can 278 also assess the sensitivity of simulated behaviour to variations in preferences and prior 279 
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precision. The sensitivity determines the efficiency with which a subject’s preferences and 280 hyperpriors can be estimated. We now turn to this estimation in terms of model inversion. 281 

 282 

Model inversion 283 

We have described the first two steps of computational modelling; namely, translating a 284 particular paradigm into a generative model and simulating data by exploiting the ability of 285 generative models to simulate or generate data. In these simulations, we used a specific model 286 that casts decision-making as a Markov decision process based on active inference. While recent 287 work has highlighted the role of deficient decision processes in psychiatry(Hauser et al., 2014; 288 Huys et al., 2015; Montague, Dolan, Friston, & Dayan, 2012), the central prerequisite of defining 289 a generative model for a task generalises to all applications in computational psychiatry. 290 

We can now turn to the inversion of the generative model to recover its parameters, based on 291 observed (or in our case simulated) behaviour. This is an important step in empirical research, 292 because the aim of computational psychiatry is to characterise psychopathology in a 293 quantitative and computationally meaningful fashion. In other words, we want to explain 294 people's behaviour in terms of a specific parameterisation of a (subjective) generative model. 295 

A common approach is to compute maximum a-posteriori (MAP) estimates of parameters 296 obtained by inverting an objective generative model. As described above, a generative model is 297 a mapping from hidden parameters to observed data. Thus, by inverting the model one can map 298 from observations to hidden-parameters – resulting in a posterior distribution over the most 299 likely (maximum a-posterior) parameters contingent on the model and observed data. To do so, 300 one has to decide on how to approximate the model evidence or marginal likelihood. Here, we 301 will use (negative) variational free energy as a proxy for the log-evidence of a model. The log-302 model evidence can be expressed as  303 
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( | ) = [ (Θ)|| (Θ| , ) + ( (Θ), ) 
where the first term is the Kullback-Leibler divergence between the true and an approximate 304 posterior – which has a lower bound of zero, and thus makes the (negative) variational free 305 energy in the second term a lower bound of the (negative) log-model evidence (which is at most 306 zero). It is thus sufficient to minimise free energy to maximise the log-evidence of the model 307 itself. When fitting subject specific choices, the data at the observed choices – and the active 308 inference scheme above provides a likelihood model. The likelihood is the probability of 309 obtaining a particular sequence of choices, given a subject’s preferences and hyperpriors. Model 310 inversion corresponds to estimating the preferences and hyperpriors, given an observed 311 sequence of choices.  312 

To do this model inversion, one can use the routine ‘spm_dcm_mdp’, which inverts an objective 313 generative model given the subjective model, observed states and responses of a subject. This is 314 made particularly easy because the subjective model provides the probability of various choices 315 or actions from which the subject selects her behaviour. We can now simply integrate or solve 316 the active inference scheme using the actual outcomes observed empirically and evaluate the 317 probability of the ensuing choices. To complete the objective generative model we only need to 318 specify priors over the unknown model parameters. In what follows, we use fairly 319 uninformative shrinkage priors. Shrinkage generally refers to any regularisation method in 320 statistics that prevents overfitting (cf. Bishop, 2006, page 10). In particular, shrinkage is 321 inherent in Bayesian inference due to the use of priors, which ‘shrink’ the parameter estimates 322 towards the prior mean – and thus preclude overfitting. In our case, we used priors with a mean 323 of 0 and a variance of 1/16, thus inducing shrinkage towards zero. These priors can be changed 324 in the spm_dcm_mdp.m script, to specify any prior constraints on – or knowledge about – the 325 parameters that are estimated; for example, time constants that fall in natural ranges. We will 326 see later that priors can themselves be optimised, using Bayesian model comparison. This 327 follows because any model is defined in terms of its (shrinkage) priors. Technically, model 328 
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inversion uses a standard (Newton method) gradient ascent on variational free energy (in 329 which the curvature or Hessian is estimated numerically). Practically, this involves specifying 330 the (MDP) model used to explain the subjects behaviour, the observed outcomes and their 331 associated choices or actions (and objective priors on the unknown subjective model 332 parameters). These quantities are specified as fields in a Matlab structure usually called DCM 333 (for dynamic causal model). 334 

Figure 5 shows the output of this routine when applied to our simulated data. This provides 335 estimates of the preferences over outcomes and the hyperprior  on precision. Here, the 336 estimation converges at the 13th iteration and provides the trajectory of the two parameters as 337 well as their conditional expectations and posterior deviations. The inversion of simulated data 338 can also be helpful to ensure that the subjective model can be inverted prior to testing subjects 339 or patients. For example, one can simulate how many trials are necessary to recover parameters 340 with sufficient confidence. An example of this is shown in Figure 6A for the hyperprior on 341 precision. 342 

Importantly, there is usually more than one free parameter in a subject’s generative model and 343 these parameters could have similar effects on behaviour. One can use intuitions about the 344 effects of two parameters on response variables and use simulations to test for any similarity – 345 and ensuing conditional dependencies. An efficient parameterisation (or experimental design) 346 would usually suppress conditional dependencies and therefore make the parameter estimation 347 more efficient. In our example, we treated the hyperprior on precision and the preferences over 348 outcomes as free parameters, where the former accounts for an agent’s stochasticity in 349 behaviour and the latter controls the agent’s preferences for different states. Thus these two 350 parameters control distinct aspects of observable behaviour and can be estimated relatively 351 efficiently. Any conditional dependencies among parameters can be assessed (post-hoc) in 352 terms of their shared variance; for example, by assessing their posterior covariance. 353 

 354 
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Inferring group effects 355 

Finally, having described the specification of the generative model and model inversion, we can 356 now turn to inference about between subject or group effects. As outlined above, when casting 357 decision-making as a Markov decision process based on active inference, a key role is played by 358 precision, which determines the confidence subjects place in their beliefs about choices. 359 Furthermore, it has been previously suggested that precision might be encoded by 360 neuromodulators, in particular dopamine (FitzGerald, Dolan, & Friston, 2015; Schwartenbeck, 361 FitzGerald, Mathys, Dolan, & Friston, 2015; Friston et al., 2012; Friston et al., 2014) but also 362 acetylcholine (Moran et al., 2013). Therefore, precision might be central for understanding 363 certain pathologies, such as psychosis, OCD or addiction (Adams et al., 2013; Schwartenbeck et 364 al., 2015c; Hauser et al., 2016).  365 

We simulated a group difference in precision by repeating the model specification, data 366 simulation and model inversion steps described above for two groups of eight subjects each; 367 where, crucially, we introduced a difference in the hyperprior on precision (of one quarter) 368 between the two groups and an intersubject variability with a log precision of four (i.e., a 369 standard deviation of 0.135). The result of the model inversion for each subject is illustrated in 370 Figure 6B in terms of real and estimated subject-specific hyperpriors. These results immediately 371 indicate of a group effect in this parameter that is further evidenced by a significant difference 372 between the estimates in the two groups ( = 6.627, < 0.001). Notice that inferences about 373 group effects call on a model of between subject differences. In Bayesian terms, these models 374 are called hierarchical models or empirical Bayesian models and are the Bayesian equivalent of 375 (random effects) ANOVAs, with between and within-subject effects. A full random effects 376 analysis can be implemented using parametric empirical Bayes (PEB) implemented for 377 nonlinear models of the sort we are dealing with here. See (Efron and Morris, 1973) 378 and(Friston, Zeidman, & Litvak, 2015; Friston et al., 2015) for details. 379 



 

15 

The Matlab routine to directly assess the group effect is ‘spm_dcm_peb’. In brief, this routine 380 uses hierarchical empirical Bayes for second level group inversion based on a design matrix 381 modelling group effects. In this case, the between subject model (or design matrix) contained 382 two explanatory variables modelling a group mean and a group difference respectively. This is 383 the between-subject model X in Figure 1 (see Friston, Zeidman, et al., 2015; Friston et al., 2015 384 for details and Litvak, Garrido, Zeidman, & Friston, 2015 for a reproducibility study using this 385 approach).  386 

Figure 7A shows the output of Bayesian model comparison, which can be understood as the 387 posterior evidence that there is a group difference in the full model (i.e., a group mean and 388 difference) or in a reduced model (i.e. only one or no effects). In the top right panel we find that 389 the models with a group mean and difference and models with just a group difference have the 390 highest posterior evidence (with a posterior probability that is slightly below and above 0.5 391 respectively). Figure 7B shows the corresponding parameter estimates (the group mean results 392 are shown on the left and the group differences on the right). Here, the upper right panel shows 393 that the group difference of one quarter is recovered accurately. Note that while these results 394 correspond to the result obtained by a simple t-test, using this routine for Bayesian model 395 comparison offers more flexibility and provides more information than standard parametric 396 approaches. One obvious difference – in relation to classical inference – is the possibility to 397 assess the posterior evidence for the null hypothesis (i.e., evidence that there is no difference 398 between groups) and the posterior estimate of the effect size for the group difference. For 399 example, if we repeat the above simulation with a group difference of zero, we obtain a high 400 posterior probability for the model with no mean and group differences (≈ 0.7) and the models 401 that assume a group difference scoring below a posterior probability of 0.1, whereas a non-402 significant t-test would only provide inconclusive results.” 403 

While this empirical Bayesian procedure is very useful for inferring group differences within a 404 model; in practice, researchers are also interested in comparing different models of the same 405 
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(choice response) data. For example, although we have illustrated computational phenotyping 406 based on active inference, other models that are used in computational neuroscience (and 407 psychiatry) are based on biophysical neural-network models or reinforcement learning (see 408 Huys, Maia, & Frank, 2016 for a recent review). Comparing different models of a task, such as 409 inference and (reinforcement) learning models, is necessary to identify which computational 410 framework best explains observed behaviour. This usually rests on some form of Bayesian 411 model comparison (Stephan et al., 2009). In the present setting, competing models are 412 compared in terms of their model evidence, as scored by variational free energy computed 413 during model inversion (at the within subject level, or at the between subject level using 414 spm_dcm_peb). This has been shown to outperform alternative approximations to model 415 evidence, such as the Akaike and Bayesian information criteria (Penny, 2012). It is possible to 416 perform such model comparisons within the active inference toolbox; for example, by 417 comparing active inference (surprise minimisation) to classical expected utility theory (cf., 418 Schwartenbeck, FitzGerald, Mathys, Dolan, & Friston, 2015; Schwartenbeck, FitzGerald, Mathys, 419 Dolan, Kronbichler, et al., 2015). 420 

Furthermore, one might also be interested in formal model comparisons that entertain different 421 hidden state spaces underlying the (subjective) generative models employed by subjects. 422 Crucially, patient groups and healthy controls might differ in both the hyper-parameters of their 423 subjective models (e.g., the hyperprior on precision) as well as the state space underlying these 424 models. For example, we have illustrated a subjective model in which precision is a hidden state 425 that has to be inferred. However, it is possible that some subjects or patient groups do not 426 perform inference on precision, such that their best model would be one in which precision is 427 not inferred. Likewise, patient groups and healthy controls might differ in how they represent 428 prior expectations; for example, by encoding losses and wins separately. This can be tested by 429 using formal model comparisons as described above, where models that include precision as a 430 hidden state are compared to models where no inference on precision is made – or to models 431 that have a different parameterisation for losses and wins. This has been the focus of previous 432 
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work (Schwartenbeck et al., 2015b) and, importantly, also speaks to the issue of Bayesian model 433 comparison and averaging (FitzGerald et al., 2014) as well as structure learning (Tervo et al., 434 2016), when performing a task. More generally, any assumption that is implicit in the form of 435 hyper parameterisation of a model can be tested empirically through Bayesian model 436 comparison. In this sense, the particular model used to illustrate the approach in this paper 437 should not be taken too seriously – every aspect can be optimised in relation to empirical choice 438 behaviour, until an optimal description of the paradigm is identified. 439 

Finally, we can use a cross-validation scheme implemented by the routine ’spm_dcm_loo’ to test 440 whether group membership can be accurately recovered – based on a leave-one-out scheme. 441 This scheme uses the predictive posterior density of a predictive variable(Friston et al., 2015), 442 which is  in our example. In brief, this cross-validation or predictive scheme switches the roles 443 of the between-subject explanatory variables (e.g. diagnosis) and the subject-specific parameter 444 estimates they are trying to explain. This allows one to classify a particular subject-based upon 445 that subject’s parameter estimates and group effects based upon independent data. Figure 8 446 shows the results of this cross-validation scheme, which speaks to a high accuracy in recovering 447 the group membership – as indicated by a high correlation between recovered and actual group 448 membership (top right panel) and a conclusive posterior probability for group-membership for 449 each subject (bottom panel). This facility may be useful for classifying new subjects based upon 450 their computational phenotyping. Note that the inferred difference in the latent variable 451 precision (Figure 7) and the inferred group membership based on this latent variable (Figure 8) 452 corresponds closely with the actual (simulated) group difference in an observed variable; 453 namely, the average reward received by each group in this task (Figure 9). Importantly, this 454 shows that the inference scheme discussed above can infer the latent variable underlying 455 observed variables. This is important because the implicit inverse problem is usually ill-posed 456 and can have many solutions. 457 
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A common approach to evaluate the goodness of different models relies upon cross validation. 458 In other words, model parameters are optimised using a (training) subset of the data and tested 459 on another (test) subset. Model performance can then be assessed purely in terms of accuracy, 460 without having to worry about complexity. This is because the use of independent training and 461 test data precludes overfitting. Therefore, cross validation accuracy can be regarded as a proxy 462 for model evidence and used, in a straightforward way, to compare different models. The 463 approaches described in this paper eschew cross validation, because the model evidence is 464 assessed directly through its variational free energy approximation. There are pros and cons of 465 a variational assessment of model evidence, in relation to cross validation accuracy. In brief, the 466 variational approach is universally more efficient (by Neyman-Pearson Lemma) than cross 467 validation. This can be seen heuristically by noting that the model inversion and parameter 468 estimation in cross validation uses incomplete (training) data (e.g., a leave one scheme). On the 469 other hand, cross validation accuracy is robust to model assumptions – and does not rely upon 470 variational approximations to model evidence. This means it can be useful in assessing the 471 robustness of variational schemes of the sort described in this paper. 472 

 473 

Conclusion 474 

We have tried to provide an overview over the key steps entailed by phenotyping in 475 computational psychiatry, using a worked example based on a (Markov) decision process. The 476 first and probably most important step is the specification of the (subjective) generative model 477 for a task or paradigm. This model encodes a mapping from hidden states or parameters to 478 outcomes and can be used to simulate (generate) data. More importantly, it forms the basis of 479 an objective generative model for empirical choice behaviour; enabling one to map from choices 480 to (subject-specific) model (hyper) parameters. This allows one to estimate the prior 481 preferences and hyperpriors used by the subject to select their behaviour. 482 
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Our simulations were based on a particular computational approach called active inference, 483 which casts (choice) behaviour and planning as pure Bayesian inference with respect to an 484 agent’s prior expectations. This approach can be particularly useful when we want to cast a 485 decision process as inference; i.e., assuming a stable (subjective) generative model that is used 486 to infer hidden states or policies. Furthermore, this allows one to compare a (Bayesian) 487 inference model to a (Bayesian or reinforcement) learning model, in which the parameterisation 488 of the (subjective) generative model is continuously updated (cf., FitzGerald et al., 2014). Future 489 work will implement the aspect of learning within the active inference scheme, such that the 490 parameterization of the generative model can be updated and simultaneously used to infer 491 hidden states. A limitation of this computational toolbox is that it only provides solutions for 492 discrete state-space problems, which significantly simplifies a given decision or planning 493 problem at the expense of biological realism about the inferred neuronal mechanisms 494 underlying the decision process. 495 

An important aim of computational psychiatry is to characterise the generative processes that 496 underlie pathologic choice behaviour. A first step to achieve this is to perform single-subject 497 model inversion to estimate their prior beliefs and then compare these estimates at the between 498 subject level. Hierarchical or empirical Bayes and Bayesian cross-validation can then be used to 499 test hypotheses about group differences such as diagnosis or response to treatment. While we 500 have used a specific example of Markov decision processes based on active Bayesian inference, 501 the procedures we have described are generic – and may provide an exciting, straightforward 502 and principled approach to personalised treatment in psychiatry.  503 
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Software Notes 504 

Here we describe the key routines called upon in the text. These routines are called in a demo 505 script that can be edited and executed to change various parameters. The demo script is 506 described first, followed by the key routines it calls: 507 

DEM_demo_MDP_fit: This routine uses a Markov decision process formulation of active 508 inference (with variational Bayes) to model foraging for information in a three arm maze.  This 509 demo illustrates the inversion of single-subject and group data to make inferences about 510 subject-specific parameters – such as their prior beliefs about precision and utility. We first 511 generate some synthetic data for a single subject and illustrate the recovery of key parameters 512 using variational Laplace. We then consider the inversion of multiple trials from a group of 513 subjects to illustrate the use of empirical Bayes in making inferences at the between-subject 514 level. Finally, we demonstrate the use of Bayesian cross-validation to retrieve out-of-sample 515 estimates (and classification of new subjects). 516 

In this example, the agent starts at the centre of a three way maze that is baited with a reward in 517 one of the two upper arms. However, the rewarded arm changes from trial to trial.  Crucially, 518 the agent can identify where the reward (US) is located by accessing a cue (CS) in the lower arm. 519 This tells the agent whether the reward is on the left or the right upper arm.  This means the 520 optimal policy would first involve maximising information gain or epistemic value by moving to 521 the lower arm and then claiming the reward thus signified. Here, there are eight hidden states 522 (four locations times right or left reward), four control states (that take the agent to the four 523 locations) and seven outcomes (three locations times two cues plus the centre).  The central 524 location has an ambiguous or uninformative outcome, and the upper arms are rewarded 525 probabilistically. 526 

  527 
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spm_MDP_VB 528 

% active inference and learning using variational Bayes 529 
% FORMAT [MDP] = spm_MDP_VB(MDP,OPTIONS) 530 
% 531 
% MDP.S(N,1)      - true initial state 532 
% MDP.V(T - 1,P)   - P allowable policies (control sequences) 533 
% 534 
% MDP.A(O,N)       - likelihood of O outcomes given N hidden states 535 
% MDP.B{M}(N,N)    - transition probabilities among hidden states (priors) 536 
% MDP.C(N,1)       - prior preferences   (prior over future outcomes) 537 
% MDP.D(N,1)       - prior probabilities (prior over initial states) 538 
% 539 
% MDP.a(O,N)       - concentration parameters for A 540 
% MDP.b{M}(N,N)    - concentration parameters for B 541 
% MDP.c(N,N)       - concentration parameters for habitual B 542 
% MDP.d(N,1)       - concentration parameters for D 543 
% MDP.e(P,1)       - concentration parameters for u 544 
% 545 
% optional: 546 
% MDP.s(1,T)       - vector of true states 547 
% MDP.o(1,T)       - vector of observations  548 
% MDP.u(1,T)       - vector of actions 549 
% MDP.w(1,T)       - vector of precisions 550 
% 551 
% MDP.alpha        - upper bound on precision (Gamma hyperprior – shape [1]) 552 
% MDP.beta         - precision over precision (Gamma hyperprior - rate  [1]) 553 
% 554 
% OPTIONS.plot     - switch to suppress graphics: (default: [0]) 555 
% OPTIONS.scheme   - {'Free Energy' | 'KL Control' | 'Expected Utility'}; 556 
% OPTIONS.habit    - switch to suppress habit learning: (default: [1]) 557 
% 558 
% 559 
% produces: 560 
% 561 
% MDP.P(M,T)       - probability of emitting action 1,...,M at time 1,...,T 562 
% MDP.Q(N,T)       - an array of conditional (posterior) expectations over 563 
%                     N hidden states and time 1,...,T 564 
% MDP.X             - and Bayesian model averages over policies 565 
% MDP.R             - conditional expectations over policies 566 
% 567 
% MDP.un           - simulated neuronal encoding of hidden states 568 
% MDP.xn            - simulated neuronal encoding of policies 569 
% MDP.wn           - simulated neuronal encoding of precision (tonic) 570 
% MDP.dn            - simulated dopamine responses (phasic) 571 
% MDP.rt            - simulated reaction times 572 
 573 
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This routine provides solutions of an active inference scheme (minimisation of variational free 574 energy) using a generative model based upon a Markov decision process. This model and 575 inference scheme is formulated in discrete space and time. This means that the generative 576 model and process are finite state machines or hidden Markov models, whose dynamics are 577 given by transition probabilities among states – and the likelihood corresponds to the 578 probability of an outcome given hidden states. For simplicity, this routine assumes that action 579 (the world) and hidden control states (in the model) are isomorphic. 580 

This implementation equips agents with the prior beliefs that they will maximise expected free 581 energy: expected free energy is the free energy of future outcomes under the posterior 582 predictive distribution. This can be interpreted in several ways – most intuitively as minimising 583 the KL divergence between predicted and preferred outcomes (specified as prior beliefs) – 584 while simultaneously minimising the (predicted) entropy of outcomes conditioned upon hidden 585 states. Expected free energy therefore combines KL optimality based upon preferences or utility 586 functions with epistemic value or information gain. 587 

This particular scheme is designed for any allowable policies or control sequences specified in 588 MDP.V. Constraints on allowable policies can limit the numerics or combinatorics considerably. 589 For example, situations in which one action can be selected at one time can be reduced to T 590 polices – with one (shift) control being emitted at all possible time points. This specification of 591 polices simplifies the generative model, allowing a fairly exhaustive model of potential 592 outcomes – eschewing a mean field approximation over successive control states. In brief, the 593 agent encodes beliefs about hidden states in the past and in the future conditioned on each 594 policy (and a non-sequential state-state policy called a habit). These conditional expectations 595 are used to evaluate the (path integral) of free energy that then determines the prior over 596 policies. This prior is used to create a predictive distribution over outcomes, which specifies the 597 next action. 598 
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 In addition to state estimation and policy selection, the scheme also updates model parameters; 599 including the state transition matrices, mapping to outcomes and the initial state. This is useful 600 for learning the context. In addition, by observing its own behaviour, the agent will 601 automatically learn habits. Finally, by observing policies chosen over trials, the agent develops 602 prior expectations or beliefs about what it will do. If these priors (over policies – that include 603 the habit) render some policies unlikely (using an Ockham's window), they will not be 604 evaluated. 605 

 606 

spm_dcm_mdp 607 

% MDP inversion using Variational Bayes 608 
% FORMAT [DCM] = spm_dcm_mdp(DCM) 609 
% 610 
% Expects: 611 
%-------------------------------------------------------------------------- 612 
% DCM.MDP % MDP structure specifying a generative model 613 
% DCM.field % parameter (field) names to optimise 614 
% DCM.U % cell array of outcomes (stimuli) 615 
% DCM.Y % cell array of responses (action) 616 
% 617 
% Returns: 618 
%-------------------------------------------------------------------------- 619 
% DCM.M % generative model (DCM) 620 
% DCM.Ep % Conditional means (structure) 621 
% DCM.Cp % Conditional covariances 622 
% DCM.F % (negative) Free-energy bound on log evidence 623  624 This routine inverts (cell arrays of) trials specified in terms of the stimuli or outcomes and 625 subsequent choices or responses. It first computes the prior expectations (and covariances) of 626 the free parameters specified by DCM.field. These parameters are log scaling parameters that 627 are applied to the fields of DCM.MDP.  628 

If there is no learning implicit in multi-trial games, only unique trials (as specified by the 629 stimuli), are used to generate (subjective) posteriors over choice or action. Otherwise, all trials 630 
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are used in the order specified. The ensuing posterior probabilities over choices are used with 631 the specified choices or actions to evaluate their log probability. This is used to optimise the 632 MDP (hyper) parameters in DCM.field using variational Laplace (with numerical evaluation of 633 the curvature). 634 

 635 

spm_dcm_peb 636 

% Hierarchical (PEB) inversion of DCMs using BMR and VL 637 
% FORMAT [PEB,DCM] = spm_dcm_peb(DCM,M,field) 638 
% FORMAT [PEB,DCM] = spm_dcm_peb(DCM,X,field) 639 
% 640 
% DCM    - {N [x M]} structure array of DCMs from N subjects 641 
% ------------------------------------------------------------------------- 642 
%     DCM{i}.M.pE - prior expectation of parameters 643 
%     DCM{i}.M.pC - prior covariances of parameters 644 
%     DCM{i}.Ep  - posterior expectations 645 
%     DCM{i}.Cp  - posterior covariance 646 
%     DCM{i}.F  - free energy 647 
% 648 
% M.X  - second level design matrix, where X(:,1) = ones(N,1) [default] 649 
% M.pC  - second level prior covariances of parameters 650 
% M.hE  - second level prior expectation of log precisions 651 
% M.hC  - second level prior covariances of log precisions 652 
% M.bE  - third level prior expectation of parameters 653 
% M.bC  - third level prior covariances of parameters 654 
% 655 
% M.Q     - covariance components: {'single','fields','all','none'} 656 
% M.beta  - within:between precision ratio:  [default = 16] 657 
%  658 
% field   - parameter fields in DCM{i}.Ep to optimise [default: {'A','B'}] 659 
%            'All' will invoke all fields. This argument effectively allows  660 
%            one to specify the parameters that constitute random effects.      661 
%  662 
% PEB     - hierarchical dynamic model 663 
% ------------------------------------------------------------------------- 664 
%     PEB.Snames  - string array of first level model names 665 
%     PEB.Pnames  - string array of parameters of interest 666 
%     PEB.Pind     - indices of parameters in spm_vec(DCM{i}.Ep)  667 
%  668 
%     PEB.M.X    -   second level (between-subject) design matrix 669 
%     PEB.M.W    -   second level (within-subject) design matrix 670 
%     PEB.M.Q    -   precision [components] of second level random effects  671 
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%     PEB.M.pE   -   prior expectation of second level parameters 672 
%     PEB.M.pC   -   prior covariance of second level parameters 673 
%     PEB.M.hE   -   prior expectation of second level log-precisions 674 
%     PEB.M.hC   -   prior covariance of second level log-precisions 675 
%     PEB.Ep  -  posterior expectation of second level parameters 676 
%     PEB.Eh     -   posterior expectation of second level log-precisions 677 
%     PEB.Cp    -   posterior covariance of second level parameters 678 
%     PEB.Ch     -   posterior covariance of second level log-precisions 679 
%     PEB.Ce     -   expected covariance of second level random effects 680 
%     PEB.F      -   free energy of second level model 681 
% 682 
% DCM      - 1st level (reduced) DCM structures with empirical priors 683 
% 684 
%          If DCM is an (N x M} array, hierarchical inversion will be 685 
%          applied to each model (i.e., each row) - and PEB will be a  686 
%          {1 x M} cell array. 687  688 This routine inverts a hierarchical DCM using variational Laplace and Bayesian model reduction. 689 In essence, it optimises the empirical priors over the parameters of a set of first level DCMs, 690 using second level or between subject constraints specified in the design matrix X. This scheme 691 is efficient in the sense that it does not require inversion of the first level DCMs – it just requires 692 the prior and posterior densities from each first level DCM to compute empirical priors under 693 the implicit hierarchical model. The output of this scheme (PEB) can be re-entered recursively 694 to invert deep hierarchical models. Furthermore, Bayesian model comparison (BMC) can be 695 specified in terms of the empirical priors to perform BMC at the group level. Alternatively, 696 subject-specific (first level) posterior expectations can be used for classical inference in the 697 usual way. Note that these (summary statistics) are optimal in the sense that they have been 698 estimated under empirical (hierarchical) priors. 699 

If called with a single DCM, there are no between-subject effects and the design matrix is 700 assumed to model mixtures of parameters at the first level. If called with a cell array, each 701 column is assumed to contain 1st level DCMs inverted under the same model. 702 

 703 
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spm_dcm_loo 704 

% Leave-one-out cross-validation for empirical Bayes and DCM 705 
% FORMAT [qE,qC,Q] = spm_dcm_loo(DCM,M,field) 706 
% 707 
% DCM   - {N [x M]} structure DCM array of (M) DCMs from (N) subjects 708 
% ------------------------------------------------------------------- 709 
%     DCM{i}.M.pE - prior expectation of parameters 710 
%     DCM{i}.M.pC - prior covariances of parameters 711 
%     DCM{i}.Ep    - posterior expectations 712 
%     DCM{i}.Cp    - posterior covariance 713 
% 714 
% M.X    - second level design matrix, where X(:,1) = ones(N,1) [default] 715 
% field   - parameter fields in DCM{i}.Ep to optimise [default: {'A','B'}] 716 
%           'All' will invoke all fields 717 
%  718 
% qE     - posterior predictive expectation (group effect) 719 
% qC     - posterior predictive covariances (group effect) 720 
% Q      - posterior probability over unique levels of X(:,2) 721  722  723 This routine uses the posterior predictive density over the coefficients of between-subject 724 effects encoded by a design matrix X. It is assumed that the second column of X contains 725 classification or predictor variables. A cross-validation scheme is used to estimate the mixture 726 of parameters at the first (within-subject) level that are conserved over subjects in terms of a 727 constant (first column of X) and differences (second column of X). Using a leave-one-out scheme, 728 the predictive posterior density of the predictive variable is used to assess cross-validation 729 accuracy. For multiple models, this procedure is repeated for each model in the columns of the 730 DCM array.  731 
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Figure legends 858 

Figure 1This Figure provides a schematic overview of the analysis stream underlying this 859 paper’s treatment of computational psychiatry.  The basic procedure involves specifying a 860 model of behaviour cast in terms of a Markov decision process (MDP). Under the assumption 861 that choices are made in an approximately Bayes optimal fashion using active (Bayesian) 862 inference, this model is sufficient to predict behaviour. If we supplement the model specification 863 (MDP) with empirical choice behaviour (Data), we can estimate the prior beliefs responsible for 864 those choices. If this is repeated for a series of subjects, the ensuing priors can then be analysed 865 in a random effects (parametric empirical Bayes – PEB) model to make inferences about group 866 effects or to perform cross-validation. Furthermore, physiological and behavioural predictions 867 can be used as expansion variables for fMRI or other neuroimaging timeseries (lower left 868 panel). The routines in the boxes refer to MATLAB routines that are available in the academic 869 software SPM.  These routines are sufficient to both simulate behavioural responses and analyze 870 empirical or observed choice behaviour; both at the within and between-subject level.  The final 871 routine also enables cross-validation and predictions about a new subject’s prior beliefs using a 872 leave-one-out scheme that may be useful for establishing the predictive validity of any models 873 that are considered.    874 
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Figure 2 A) Task: we used a simple two-step maze task for our simulations, where a subject 875 starts in the middle of a T-shaped maze and has to decide whether to sample the left or right 876 arm, knowing that one of the two arms will contain a reward but it can only sample one of them 877 (i.e., the arms are absorbing states). Alternatively, the subject could sample a cue at the bottom 878 of the maze, which will tell her which arm to sample. B) State space: Here, the subject has four 879 different control states or actions available: she can move to the middle location, the left or the 880 right arm or the cue location. Based on these control states, we can specify the hidden states, 881 which are all possible states a subject can visit in a task and often are only partially observable. 882 In this task, the hidden state comprises the location times the context (reward left or right), 883 resulting in 4 x 2 = 8 different hidden states. Finally, we have to specify the possible outcomes or 884 observations that an agent can make. Here, the subject can find itself in the middle location, in 885 the left or right arm with or without obtaining a reward or at the cue location.   886 
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Figure 3 Generative Model. A) The A-matrix maps from hidden states to observable outcome 887 states (resulting in a 7x8 matrix). There is a deterministic mapping when the subject is either in 888 the middle position (simply observing that she is in the middle) or at the cue location (simply 889 observing that she is at the cue location where the cue either indicates left or right). However, 890 when the subject is in the left or right arm, there is a probabilistic mapping to a rewarded and 891 an unrewarded outcome: for example, if the subject is in the left arm and the cue indicated the 892 left (third column), there is a high probability  of a reward, whereas there is a low probability 893 = 1 −  of no reward. B) The B-matrix encodes the transition probabilities; i.e. the mapping 894 from the current hidden state to the next hidden state contingent on the action taken by the 895 agent. Thus, we need as many B-matrices as there are actions available (4 in this example). 896 Illustrated here is the B-matrix for a move to the left arm. We see that the action never changes 897 the context but (deterministically) the location – by always bringing it to the left arm except for 898 starting from an absorbing state (right arm). C) Finally, we have to specify the preferences over 899 outcome states in a C-vector. Here, the subject strongly prefers to end up in a rewarding state 900 and strongly dislikes to end up in a left or right arm with no reward, whereas it is somewhat 901 indifferent about the ‘intermediate’ states. Note that these preferences are (prior) beliefs or 902 expectations; for example, the agent beliefs that a rewarding state is exp (4) ≈ 55 times more 903 likely than an ‘intermediate’ state (exp(0) = 1).  904 
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Figure 4 Data simulation using the routine ‘spm_MDP_VB’. A) A simulated example trial, where 905 the left upper panel shows the hidden states, the right upper panel the inferred actions, the 906 middle panels the inference on policies (i.e., the possible sequences of actions), the lower left 907 panel the preferences over outcome-states (c-vector) and the lower right panel expected 908 precision, which could be encoded by dopamine (see(Friston et al., n.d.)). In this trial, the 909 subject starts in the middle position where the reward is (most likely) on the right arm. She 910 then selects to sample the cue and, finally, moves to the right arm as indicated by the cue 911 (darker colours reflect higher posterior probabilities). B) Overview over a simulated 912 experiment comprising 128 trials. The first panel shows the inferred policies (black regions) 913 and initial states (coloured circles; red: reward is located at the right arm, blue: reward is 914 located at the left arm) at every given trial. The second panel shows estimated reaction times 915 (cyan dots), outcome states (coloured circles) and the value of those outcomes (black bars). 916 Note that the value of outcomes is expressed in terms of an agent’s (expected) utility, which is 917 defined as the logarithm of an agent’s prior expectations. Thus, the utility of an outcome is at 918 most 0 (= log (1)). Reaction times reflect the choice conflict at any given trial and are simulated 919 by using the time it takes Matlab to simulate inference and subsequent choice in any given trial 920 (using Matlab’s tic-toc function). The third and fourth panels show simulated ERPs for hidden 921 state estimation and expected precision, respectively. The specifics of these simulations are 922 discussed in detail elsewhere (under review). Finally, panel five and six illustrate learning and 923 habit formation. Our simulations did not include any learning or habitual responses. 924 
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Figure 5 Model Inversion as implemented by the routine ‘spm_dcm_mdp’ based on simulated 925 behaviour. In this routine, (negative) variational free energy as a lower bound of log-model 926 evidence is maximised and converges after the 13th iteration (upper right panel). The trajectory 927 of two estimated parameters in parameter space is provided (upper left panel) as well as their 928 final conditional estimates (lower left panel) and their posterior deviation from the prior value. 929 (lower right panel). The black bars on the lower right show the true values, while the grey bars 930 the conditional estimates – illustrating a characteristic shrinkage towards the prior mean. 931 

 932 

Figure 6 A) Conditional estimate and confidence interval for the hyperprior on precision ( ) as 933 a function of number of trials in a simulated experiment. B) True and estimated subject-specific 934 parameters, following model inversion for 16 subjects with an group effect in the hyperprior 935 ( ).  The two groups can be seen as two clusters along the diagonal.  936 
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Figure 7 Hierarchical empirical Bayesian inference on group effects using the function 937 ‘spm_dcm_peb’. A) Results of Bayesian model comparison (reduction) to infer whether the full 938 model (with both group mean and group differences) or a reduced (nested) model (lower left 939 panel) provides a better explanation for the data. These results indicate a high posterior 940 evidence for a model with a group difference, with slightly less evidence for the full model that 941 also includes a group mean effect; i.e., a deviation from the group prior mean (upper panels). 942 Middle panels show the maximum a posteriori estimates of the mean and group effects for the 943 full and reduced model. B) Estimated (grey bars) group mean (left) and difference (right) in . 944 These estimates are about one quarter (upper right panel), which corresponds to the group 945 effect that was introduced in the simulations (black bars). The small bars correspond to 90% 946 Bayesian confidence intervals. A reduced parameter estimate corresponds to the Bayesian 947 model average over all possible models (full and reduced) following Bayesian model reduction. 948 

 949 

Figure 8 Cross-validation based on a leave-one-out scheme. Using the function ‘spm_dcm_loo’ 950 we find that group membership is accurately recovered based on the parameter estimate of the 951 hyperprior on each subject. This is evidenced by a high correlation between inferred and true 952 group membership in the upper right panel. These reflect out-of-sample estimates of effect 953 sizes, which were large (by design) in this example. The upper right panel provides the estimate 954 of the group indicator variable (which is +1 for the first group and -1 for the second). The lower 955 panel provides the posterior probability that each subject belongs to the first group. 956 
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Figure 9 Simulated group difference between controls and patients (with a group difference in 957 precision of one quarter) in the average reward received. Note that this difference in an 958 observable variable was successfully traced back to a difference in the hyperprior on precision 959 (a latent variable) by our inference scheme, which is important because such inverse problems 960 are usually ill-posed and hard to solve. 961 




















